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Abstrat
In this paper, we prove a weighted Sobolev inequality and a Hardy inequality on manifolds with
nonnegative Rii urvature satisfying an inverse doubling volume ondition. It enables us to obtain
rigidity results for Rii at manifolds.
Introdution
Sine the eighties and partiularly [BKN℄, it is well known that Rii at manifolds with maximal
volume growth enjoy nie rigidity properties. Indeed, ifMn, n ≥ 4, is suh a manifold, with urvature
tensor R, there exists a onstant ǫ suh that M is at as soon as
∫
M
|R|n/2 dvol < ǫ ; ǫ depends on
n and on a lower bound on the volume growth. Furthermore, in ase the urvature only satises∫
M
|R|n/2 dvol < ∞, it has faster-than-quadrati deay, that is R = O(r−2−δo ), where ro is the
geodesi distane to any point o in M ; here, δ is an expliit positive onstant. These fats stem from
a Sobolev inequality whih is no longer true if the volume growth is not maximal. Now what happens
in this ase ? One result in this diretion is the following theorem, by Je Cheeger and Gang Tian
[CT℄ : a four-dimensional omplete Rii at manifold with urvature in L2 has quadrati urvature
deay. Their proof is based on the Gauss-Bonnet-Chern formula and Cheeger-Gromov theory.
Our aim is to present a dierent approah, relying on weighted Sobolev and Hardy inequalities.
Unlike J. Cheeger and G. Tian, we still make an assumption on the volume growth, and this enables
us to generalize the rigidity results whih were previously known. Given a point o, we will onsider
weights involving the funtion ρo : t 7→ tnV (o,t) , where V (o, t) is the volume of the geodesi ball B(o, t)
entered in o and of radius t. Our work leads to the following.
Theorem 0.1 (Flatness riterion) Let Mn, n ≥ 4, be a onneted omplete Rii-at manifold.
Assume there exists o in M , ν > 1 and Co > 0 suh that
∀t2 ≥ t1 > 0, V (o, t2)
V (o, t1)
≥ Co
(
t2
t1
)ν
.
Then there is a onstant ǫ1(n,Co, ν) suh that M is at as soon as
sup
M
(|R| r2o) < ǫ1(n,Co, ν).
If ν > 2, there is also a onstant ǫ2(n,Co, ν) suh that M is at as soon as∫
M
|R|n2 ρo(ro)dvol < ǫ2(n, Co, ν).
As a result, in both ases, M is the normal bundle of a ompat totally geodesi submanifold, whih
is (nitely) overed by a at torus.
Theorem 0.2 (Curvature deay) Let Mn, n ≥ 4, be a onneted omplete Rii-at manifold.
Assume there exists o in M , ν > 2 and Co > 0 suh that
∀t2 ≥ t1 > 0, V (o, t2)
V (o, t1)
≥ Co
(
t2
t1
)ν
.
and ∫
M
|R|n2 ρo(ro)dvol < +∞.
Then M has quadrati urvature deay. Furthermore, if ν > 4n−2
n−1
, M has faster-than-quadrati
urvature deay and thus has nite topologial type.
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The assumption
∀t2 ≥ t1 > 0, V (o, t2)
V (o, t1)
≥ Co
(
t2
t1
)ν
(1)
implies
∀R ≥ 1, V (o,R) ≥ CoV (o, 1)Rν (2)
and follows from
∃Ao, Bo > 0, ∀R ≥ 1, AoRν ≤ V (o,R) ≤ BoRν . (3)
Note that Bishop theorem ensures ν ≤ n. This hypothesis yields the analytial tools we need. Indeed,
we prove that on a omplete onneted manifold Mn, n ≥ 3, with nonnegative Rii urvature and
satisfying (1), the following weighted Sobolev inequality holds :
∀ f ∈ C∞c (M),
(∫
M
|f | 2nn−2 ρo(ro)− 2n−2 dvol
) n−2
n
≤ S
∫
M
|df |2 dvol. (4)
In other terms, the ompletion H10 (M) of C
∞
c (M) for the norm ‖d.‖L2(M,vol) an be ontinuously
injeted into L
2n
n−2
(
M,ρo(ro)
− 2
n−2 vol
)
. Suh a manifold also satises the Hardy inequality
∀ f ∈ C∞c (M),
∫
M
|f | r−1o dvol ≤ H
∫
M
|df | dvol. (5)
The onstants S and H we nd depend only on n, ν and Co. Now, the urvature of a Rii at
manifold obeys a nonlinear ellipti equation. When used appropriately, the inequalities (4) and (5)
yield estimates on the solutions of this equation, and our theorems follow. In this artile, we will
give a few other appliations of the weighted Sobolev inequality.
The paper is organized as follows.
In the rst setion, we develop a disretization tehnique aimed at pathing loal Sobolev in-
equalities together. It is based upon ideas and methods of A. Grigor'yan and L. Salo-Coste [GSC℄.
Given a onvenient overing of a manifold, if we assume some disrete inequality on a graph whih is
naturally assoiated to the overing, we are able to dedue a global Sobolev inequality from a loal
one (theorem 1.8).
In the seond setion, we explain how to apply this abstrat tehnique in the setting of manifolds
with nonnegative Rii urvature and satisfying (1), so as to obtain a weighted Sobolev inequality
and a Hardy inequality. Note we ould replae the nonnegativity of the Rii urvature by two of
its onsequenes : the doubling volume ondition and the saled Poinaré inequality on balls. In
[Gril℄, G. Grillo proves weighted inequalities in the ontext of homogeneous spaes and indeed, in
the ase ν = n, the Hardy inequality follows from this work : nevertheless, it should be stressed
that our approah is basially dierent and, in partiular, does not require a uniform estimate on
the volume of balls ; apart from the doubling volume ondition and the saled Poinaré inequality
(whih are lassial assumptions for suh problems), the only measure theoreti assumption we need
is the estimate (1) whih is some kind of inverse doubling volume ondition around one point. An
important step in our proof ould be singled out : the following result gives a suient ondition
for a manifold to satises the so alled RCA property (Relatively Conneted Annuli) and should be
ompared with proposition 4.5 of [HK℄ (whih, in our ontext, would require the volume growth to
satisfy a uniform eulidian estimate from below).
Proposition 0.3 (RCA) Let M be a onneted omplete riemannian manifold, satisfying the dou-
bling volume property
∀ x ∈M, ∀R > 0, V (x, 2R) ≤ CDV (x,R),
the saled Lp Poinaré inequality entered in some point o in M
∀ f ∈ C∞c (M), ∀R > 0,
∫
B(o,R)
∣∣f − fB(o,R)∣∣p dvol ≤ CPRp ∫
B(o,R)
|df |p dvol
and the inverse doubling volume ondition entered in o
∀R2 ≥ R1 > 0, V (o, R2)
V (o, R1)
≥ Co
(
R2
R1
)ν
with ν > p. Here, CD ≥ 1, p ≥ 1, CP > 0, Co > 0. Then there exists κ0 > 0 suh that for R > 0, if
x, y are two points in S(o, R), there is a path from x to y whih remains inside B(o,R)\B(o, κ−10 R).
Moreover, it is possible to nd an expliit onstant, in terms of p,CD, CP , Co, ν.
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Let us say a few words about this proposition. Cheeger-Gromoll theorem implies that in our setting,
M has only one end. A result from [LT℄ (with [And℄) implies that, for large R, the intersetion of
the only unbounded omponent of M\B(o,R) with any annulus A(R,R + r), r > 0, is onneted.
But it says nothing about the behaviour of the bounded omponents of M\B(o,R). What we proved
is that, in a sense, these bounded omponents have at most linear growth. Moreover, we give an
expliit estimate of this growth, whih is important for our purpose.
In the third setion, we investigate the properties of Shrödinger operators ∆ + V that an be
dedued from our weighted Sobolev inequality. Here, ∆ is the Bohner laplaian on some eulidian
vetor bundle and V is a eld of symmetri endomorphisms. In partiular, we prove that integral
assumptions on the potential ensure the kernel is trivial (theorem 3.1). We obtain various tehnial
estimates and also introdue a good spae of setions ψ suh that the equation (∆ + V )σ = ψ has a
bounded solution σ (3.10). This setion an be seen as a toolbox.
In the fourth and last setion, we point out some appliations. Let us denote by So(M) (resp.
Ho(M)) the best onstant S (resp. H) in (4) (5). We dene the "Sobolev-urvature" invariant
SC(Mn) := inf
o∈M
[
So(M)
(∫
M
|R|n2 r
n
o
V (o, ro)
dvol
) 2
n
]
and the "Hardy-urvature" invariant
HC(Mn) := inf
o∈M
[
Ho(M) sup
M
(|R| r2o)
]
,
with the onvention 0.∞ = ∞. First, we generalize the work of G. Carron [Car1℄ about L2-
ohomology and obtain in partiular the
Theorem 0.4 (L2-ohomology) Let Mn, n ≥ 3, be a onneted omplete riemannian manifold
suh that SC(M) is nite. Then the L2 Betti numbers of M are nite. Moreover, H1L2(M) = {0}
and, for k ≥ 2, there exists a positive universal onstant ǫ(n, k) suh that if SC(M) < ǫ(n, k), then
HkL2(M) = {0}.
In ase M has nonnegative Rii urvature and satises (3), this means L2 Betti numbers are nite
as soon as
∫
M
|R|n2 rn−νo dvol < ∞ ; in [Car2℄, G. Carron required
∫
M
|R| ν2 dvol < ∞. These are
lose assumptions, but, for instane, if the urvature deays quadratially (that is HC(M) < ∞, in
this setting), ours is weaker. Our work also provides expliit bounds on the L2 Betti numbers. Then
we study Rii at manifolds and prove the following rigidity theorems, whih imply the results
announed above.
Theorem 0.5 (Flatness riterion) If Mn, n ≥ 4, is a onneted omplete Rii-at manifold,
there are universal positive onstants ǫ1(n) and ǫ2(n) suh that if SC(M) < ǫ1(n) or HC(M) < ǫ2(n),
then M is at.
Theorem 0.6 (Curvature deay) Let Mn, n ≥ 4, be a onneted omplete Rii-at manifold.
If SC(M) is nite, then M has quadrati urvature deay. If moreover there exists ν > 4n−2
n−1
and
Ao > 0 suh that V (o,R) ≥ AoRν for large R, then the urvature deays like r−
(ν−2)(n−1)
n−3
o ; in
partiular, M has nite topologial type.
Finally, we give some examples where this rate of deay is the orret one.
Acknowledgements. I would like to thank Gilles Carron for his remarks, suggestions, questions,
and for his patiene.
3
Contents
1 Disretization and Sobolev inequalities. 5
1.1 How to path loal Sobolev inequalities together. . . . . . . . . . . . . . . . . . . . . . 5
1.2 Sobolev and isoperimetri inequalities on graphs. . . . . . . . . . . . . . . . . . . . . . 9
2 Sobolev and Hardy inequalities on manifolds with nonnegative Rii urvature. 11
2.1 Geometri preliminaries. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11
2.2 Poinaré and Sobolev inequalities on onneted omponents of annuli. . . . . . . . . . 15
2.3 The weighted Sobolev inequality. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17
2.3.1 A good overing . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17
2.3.2 The ontinuous Sobolev inequality. . . . . . . . . . . . . . . . . . . . . . . . . . 18
2.3.3 The disrete Sobolev inequality. . . . . . . . . . . . . . . . . . . . . . . . . . . . 19
2.3.4 Conlusion. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20
2.3.5 What does a weighted Sobolev inequality implies on the volume growth of balls ? 21
2.4 The Hardy inequality. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22
3 Weighted Sobolev inequalities and Shrödinger operators. 23
3.1 A vanishing theorem. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23
3.2 Some general deay estimates. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26
3.3 The inversion of Shrödinger operators. . . . . . . . . . . . . . . . . . . . . . . . . . . 30
4 Appliations. 32
4.1 L2-ohomology. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32
4.2 Rii at manifolds. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33
4.2.1 Flatness riterions. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33
4.2.2 Curvature deay. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36
4
1 Disretization and Sobolev inequalities.
1.1 How to path loal Sobolev inequalities together.
The aim of this paragraph is to explain how to path loal Sobolev inequalities so as to obtain a global
one. In [GSC℄, A. Grigor'yan and L. Salo-Coste introdue a disretization proedure enabling them
to handle Poinaré inequalities. We generalize their ideas in two ways : we use integral inequalities
for dierent measures and we onsider general Sobolev-type inequalities.
Here, M is a smooth riemannian manifold (Lipshitz would be suient), and we introdue two
Borel measures λ, µ on it. For us, it will be ruial to ope with both of them at the same time. Let
us introdue the neessary voabulary.
Denition 1.1 Let A ⊂ A♯ be two subsets of M . A family U = (Ui, U∗i , U ♯i )i∈I onsisting of subsets
of M having nite measure with respet to λ and µ is said to be a good overing of A in A♯ if the
following is true.
(i) There is a Borel subset E of A with λ(E) = µ(E) = 0, suh that A\E ⊂ ⋃i Ui ⊂ ⋃i U ♯i ⊂ A♯;
(ii) ∀ i ∈ I, Ui ⊂ U∗i ⊂ U ♯i ;
(iii) There exists a onstant Q1 suh that for eah i0 ∈ I,
Card
{
i ∈ I/U ♯i0 ∩ U
♯
i 6= ∅
}
≤ Q1;
(iv) For every (i, j) ∈ I2 satisfying Ui ∩ Uj 6= ∅, there is an element k(i, j) suh that
Ui ∪ Uj ⊂ U∗k(i,j);
(v) There exists a onstant Q2 suh that for every (i, j) ∈ I2, if Ui ∩ Uj 6= ∅, then
λ(U∗k(i,j)) ≤ Q2min (λ(Ui), λ(Uj))
and
µ(U∗k(i,j)) ≤ Q2min (µ(Ui), µ(Uj)).
Given a Borel set U with nite and nonzero λ-measure and a λ-integrable funtion f , we will
denote by fU,λ the mean value of f on U with respet to the measure λ :
fU,λ =
1
λ(U)
∫
U
fdλ.
One an assoiate to every good overing U a weighted graph (G,mλ) : its set of verties is
V = I
and its set of edges is
E = {{i, j} ⊂ V/i 6= j, Ui ∩ Uj 6= ∅} ;
V and E are given measures, both of whih will be denoted by mλ, and they are dened by
∀ i ∈ V, mλ(i) = λ(Ui)
and
∀ (i, j) ∈ E , mλ(i, j) = max(mλ(i), mλ(j)).
Remark 1.2 In what we all a graph, there is at most one edge between two given verties. So,
if there is an edge between two verties i and j, we will all it (i, j). For us, a weighted graph will
always onsist of a σ-nite measure on the set of verties V and of a σ-nite measure on the set of
edges E , whih we give the same name m and whih are related by
∀ (i, j) ∈ E , m(i, j) = max(m(i),m(j)).
Now, we introdue three kinds of inequalities : the disrete estimates (the seond and third) will
enable us to path the ontinuous ones (the rst) together.
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Denition 1.3 Suppose k ∈]1,∞] and 1 ≤ p < k. We will say that a good overing U satises a
ontinuous Lp Sobolev inequality of order k with respet to the pair of measures (λ, µ) if there exist
a onstant Sc suh that for every i ∈ I, one has
∀ f ∈ C∞(U∗i ),
(∫
Ui
|f − fUi,λ|
pk
k−p dλ
) k−p
k
≤ Sc
∫
U∗i
|df |p dµ,
and
∀ f ∈ C∞(U ♯i ),
(∫
U∗i
∣∣f − fU∗i ,λ∣∣ pkk−p dλ
) k−p
k
≤ Sc
∫
U
♯
i
|df |p dµ.
Denition 1.4 Suppose k ∈]1,∞] and 1 ≤ p < k. We will say that the weighted graph (G,m)
satises a disrete Lp Sobolev-Dirihlet inequality of order k if there exists a onstant Sd suh that
for every f ∈ Lp(V, m), one has
(∑
i∈V
|f(i)| pkk−p m(i)
) k−p
k
≤ Sd
∑
(i,j)∈E
|f(i)− f(j)|pm(i, j).
Denition 1.5 Suppose k ∈]1,∞] and 1 ≤ p < k. We will say that a nite weighted graph (G,m)
satises a disrete Lp Sobolev-Neumann inequality of order k if there exists a onstant Sd suh that
for every f ∈ RV , one has
(∑
i∈V
|f(i) −m(f)| pkk−p m(i)
) k−p
k
≤ Sd
∑
(i,j)∈E
|f(i) − f(j)|pm(i, j).
Remark 1.6 In this terminology, a Lp Poinaré inequality is nothing but a Lp Sobolev inequality of
innite order.
Remark 1.7 Of ourse, one an say that a good overing U satises a disrete Sobolev inequality,
by onsidering the assoiated weighted graph (G, mλ).
The following theorem is the ruial tool for us.
Theorem 1.8 Suppose k ∈]1,∞] and 1 ≤ p < k. If a good overing U of A in A♯ satises the
ontinuous Lp Sobolev inequality of order k (1.3) and the disrete Lp Sobolev-Dirihlet of order ∞
(1.4), then the following Sobolev-Dirihlet inequality is true :
∀ f ∈ C∞c (A),
∫
A
(
|f | pkk−p dλ
) k−p
k ≤ S
∫
A♯
|df |p dµ,
with
S = 2p−1+
p
k ((ScQ1)
k
k−p + SdQ2(2
pScQ
3
1)
k
k−p )
k−p
k .
Remark 1.9 The ase where λ = µ, k = ∞ and p = 2 was proved by A. Grigor'yan and L.
Salo-Coste in [GSC℄.
Proof :
We set q := pk
k−p
and onsider f ∈ C∞c (A). Thanks to a little onvexity, we an write∫
A
|f |q dλ ≤
∑
i∈V
∫
Ui
|f |q dλ
≤ 2q−1
∑
i∈V
∫
Ui
|f − fUi,λ|q dλ+ 2q−1
∑
i∈V
∫
Ui
|fUi,λ|q dλ
= 2q−1
∑
i∈V
∫
Ui
|f − fUi,λ|q dλ+ 2q−1
∑
i∈V
|fUi,λ|q λ(Ui).
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The ontinuous Sobolev inequality gives an upper bound for the rst term ; notiing that q ≥ p
and remembering the assumptions on the overing, we nd
∑
i∈V
∫
Ui
|f − fUi,λ|q dλ ≤ Sq/pc
∑
i∈V
(∫
U∗i
|df |p dµ
)q/p
≤ Sq/pc
(∑
i∈V
∫
U∗i
|df |p dµ
)q/p
≤ Sq/pc Qq/p1
(∫
A♯
|df |p dµ
)q/p
.
To estimate the seond term, we use the disrete Sobolev inequality :∑
i∈V
|fUi,λ|q λ(Ui) ≤ Sd
∑
(i,j)∈E
∣∣fUi,λ − fUj ,λ∣∣q max(λ(Ui), λ(Uj)).
For (i, j) ∈ E , a Hölder inequality and the fat that we have a good overing lead to :
|fUi,λ − fUi,λ|q max(λ(Ui), λ(Uj))
=
max(λ(Ui), λ(Uj))
λ(Uj)qλ(Ui)q
∣∣∣∣∣
∫
Ui
∫
Uj
(f(x)− f(y))dλ(x)dλ(y)
∣∣∣∣∣
q
≤ max(λ(Ui), λ(Uj))
λ(Ui)λ(Uj)
∫
Ui
∫
Uj
|f(x)− f(y)|q dλ(x)dλ(y)
≤ Q2 1
λ(U∗k(i,j))
∫
U∗
k(i,j)
∫
U∗
k(i,j)
|f(x)− f(y)|q dλ(x)dλ(y).
Now, if X is a Borel set with nite and nonzero λ-measure and if g is a funtion in Lq(X,λ),
1
λ(X)
∫
X
∫
X
|g(x)− g(y)|q dλ(x)dλ(y)
≤ 1
λ(X)
∫
X
∫
X
2q−1(|g(x)|q + |g(y)|q)dλ(x)dλ(y)
≤ 2q
∫
X
|g(x)|q dλ(x).
Let us apply this to f − fU∗
k(i,j),λ
, on U∗k(i,j) :
∣∣fUi,λ − fUj ,λ∣∣q max(λ(Ui), λ(Uj)) ≤ Q22q ∫
U∗
k(i,j)
∣∣∣f − fU∗
k(i,j),λ
∣∣∣q dλ.
Now, by the ontinuous Sobolev inequality,
∣∣fUi,λ − fUj ,λ∣∣q max(λ(Ui), λ(Uj)) ≤ Q22qSq/pc
(∫
U
♯
k(i,j)
|df |p dµ
) q
p
.
Therefore : ∑
i∈V
|fUi,λ|q λ(Ui) ≤ Sd
∑
(i,j)∈E
Q22
qSq/pc
(∫
U
♯
k(i,j)
|df |p dµ
) q
p
.
As q is greater or equal to p,
∑
i∈V
|fUi,λ|q λ(Ui) ≤ SdQ22qSq/pc

 ∑
(i,j)∈E
∫
U
♯
k(i,j)
|df |p dµ


q
p
.
By using twie the fat that we have a good overing, we see that :∑
(i,j)∈E
∫
U
♯
k(i,j)
|df |p dµ ≤ Q21
∑
i∈V
∫
U
♯
i
|df |p dµ
≤ Q31
∫
A♯
|df |p dµ.
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Hene : ∑
i∈V
|fUi,λ|q λ(Ui) ≤ SdQ22qSq/pc Q3q/p1
(∫
A♯
|df |p dµ
) q
p
.
Eventually, we get :∫
A
|f |q dλ ≤ 2q−1(Sq/pc Qq/p1 + SdQ22qSq/pc Q3q/p1 )
(∫
A♯
|df |p dµ
) q
p
And this is what we wanted to prove. q.e.d.
There is also a "Neumann" version of this result.
Theorem 1.10 Suppose k ∈]1,∞] and 1 ≤ p < k. If a nite good overing U of A in A♯ satises the
ontinuous Lp Sobolev inequality of order k (1.3) and the disrete Lp Sobolev-Neumann inequality of
order ∞ (1.5), the following Sobolev-Neumann inequality is true :
∀ f ∈ C∞(A),
∫
A
(
|f − fA,λ|
pk
k−p dλ
) k−p
k ≤ S
∫
A♯
|df |p dµ,
with
S = 22p−1+
p
k ((ScQ1)
k
k−p + SdQ2(2
pScQ
3
1)
k
k−p )
k−p
k .
Proof :
Again, set q := pk
k−p
and x f ∈ C∞c (A). First, note that
‖f − fA,λ‖Lq(A,λ) ≤ 2 infc∈R ‖f − c‖Lq(A,λ) .
Indeed, if c is a real number,
‖f − fA,λ‖Lq(A,λ) ≤ ‖f − c‖Lq(A,λ) + ‖c− fA,λ‖Lq(A,λ)
= ‖f − c‖Lq(A,λ) + |fA,λ − c|λ(A)
1
q
= ‖f − c‖Lq(A,λ) +
∣∣∣∣
∫
A
(f − c)dλ
∣∣∣∣λ(A) 1q−1
By Hölder inequality,
‖f − fA,λ‖Lq(A,λ) ≤ ‖f − c‖Lq(A,λ) +
(∫
A
|f − c|q dλ
) 1
q
λ(A)1−
1
q λ(A)
1
q
−1
= 2 ‖f − c‖Lq(A,λ)
As this is true for eah c ∈ R, this proves the statement.
In partiular, for
c := mλ(fU.,λ) =
∑
i∈V fUi,λλ(Ui)∑
i∈V λ(Ui)
,
we an write ∫
A
|f − fA,λ|q dλ
≤ 2q
∫
A
|f − c|q dλ
≤
∑
i∈V
∫
Ui
|f − c|q dλ
≤ 22q−1
∑
i∈V
∫
Ui
|f − fUi,λ|q dλ+ 22q−1
∑
i∈V
∫
Ui
|fUi,λ − c|q dλ
= 22q−1
∑
i∈V
∫
Ui
|f − fUi,λ|q dλ+ 22q−1
∑
i∈V
|fUi,λ − c|q λ(Ui).
We then estimate both terms as in the proof of theorem 1.8 : for the seond, it is made possible
by our hoie of c. q.e.d.
In fat, our argument leads to more general theorems. We will not use them but let us phrase
the "Dirihlet" version. The reader will easily imagine the "Neumann" version. For instane, this
kind of result ould be used to path loal Sobolev and Poinaré inequalities together.
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Theorem 1.11 Suppose 1 ≤ p ≤ r ≤ q ≤ ∞. Set k = qp
q−p
. If a good overing U of A in A♯
satises the ontinuous Lp Sobolev-Neumann inequality of order k (with onstant Sc), the disrete
Lr Sobolev-Dirihlet inequality of order rq
q−r
(with onstant Sd), and the ontinuous L
p
Sobolev-
Neumann inequality of order
pr
r−p
(with onstant S′c), M satises the following L
p
Sobolev-Dirihlet
inequality of order k :
∀ f ∈ C∞c (A),
∫
A
(|f |q dλ)p/q ≤ S
∫
A♯
|df |p dµ,
with
S = 2p−p/q
(
(Q1Sc)
q/p +
(
SdQ22
r(S′c)
r/p
)q/r
Q
3q/p
1
)p/q
.
1.2 Sobolev and isoperimetri inequalities on graphs.
Now, we know that disrete Sobolev inequalities on appropriate graphs make it possible to path
loal Sobolev inequalities together. The problem is : how an we show suh disrete inequalities ?
Our rst purpose here is to larify the link between Sobolev inequalities of the same order on
weighted graphs. We explain why, as in the ontinuous ase, the L1 inequality of order k (1 < k ≤ ∞)
imply the Lp inequalities for 1 ≤ p < k.
Proposition 1.12 We onsider an innite weighted graph (V, E ,m) (see remark 1.2). We assume
there exists C ≥ 1 and d ∈ N suh that
∀ (i, j) ∈ E , C−1m(i) ≤ m(j) ≤ Cm(i)
and the degree of eah vertex is bounded by d. Then the L1 Sobolev inequality of order k, 1 < k ≤ ∞,
∀ f ∈ L1(V,m),
(∑
i∈V
|f(i)| kk−1 m(i)
) k−1
k
≤ S
∑
(i,j)∈E
|f(i)− f(j)|m(i, j). (6)
imply the Lp Sobolev inequality of order k for 1 ≤ p < k :
∀ f ∈ Lp(V,m),
(∑
i∈V
|f(i)| pkk−p m(i)
) k−p
pk
≤ S′

 ∑
(i,j)∈E
|f(i) − f(j)|pm(i, j)


1
p
, (7)
where S′ = 2p k−1
k−p
dSC
1− 1
p
.
Proof :
Let f be an element ok RV with nite support. We apply (6) to |f |γ where γ ≥ 1 is a parameter
that we will x later :(∑
i∈V
|f(i)| γkk−1 m(i)
) k−1
k
≤ S
∑
(i,j)∈E
||f(i)|γ − |f(j)|γ |m(i, j).
If a, b are real numbers, the following is true
||a|γ − |b|γ | ≤ γmax(|a| , |b|)γ−1 ||a| − |b|| ≤ γ |a− b| (|a|γ−1 + |b|γ−1).
Consequently,(∑
i∈V
|f(i)| γkk−1 m(i)
) k−1
k
≤ γS
∑
(i,j)∈E
|f(i)− f(j)| (|f(i)|γ−1 + |f(j)|γ−1)m(i, j).
By Hölder inequality,(∑
i∈V
|f(i)| γkk−1 m(i)
) k−1
k
≤ γS

 ∑
(i,j)∈E
|f(i) − f(j)|pm(i, j)


1
p [ ∑
(i,j)∈E
|f(i)|(γ−1) pp−1 m(i, j)

1−
1
p
+

 ∑
(i,j)∈E
|f(j)|(γ−1) pp−1 m(i, j)

1−
1
p ]
.
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And our assumptions on the graph enable us to write
(∑
i∈V
|f(i)| γkk−1 m(i)
) k−1
k
≤ 2γdSC1− 1p

 ∑
(i,j)∈E
|f(i)− f(j)|pm(i, j)


1
p (∑
i∈V
|f(i)|(γ−1) pp−1 m(i)
)1− 1
p
.
Set γ := p k−1
k−p
≥ 1 to onlude the proof. q.e.d.
Now, let us explain why inequalities like (6) stem from isoperimetri inequalities on the graph.
Denition 1.13 Let (V, E) be a graph. We dene the boundary ∂Ω of a subset Ω of V as
∂Ω := {(i, j) ∈ E , {i, j} ∩ Ω 6= ∅ and {i, j} ∩ (V\Ω) 6= ∅} .
Proposition 1.14 Let (V, E ,m) be an innite weighted graph and x k ∈]1,∞]. Then the isoperi-
metri inequality of order k
∀Ω ⊂ V with m(Ω) <∞, m(Ω) k−1k ≤ I m(∂Ω). (8)
is equivalent to the L1 Sobolev inequality of order k
∀ f ∈ L1(V,m),
(∑
i∈V
|f(i)| kk−1 m(i)
) k−1
k
≤ I
∑
(i,j)∈E
|f(i)− f(j)|m(i, j).
Proof :
By onsidering harateristi funtions of subsets of V, one easily sees that the Sobolev inequality
implies the isoperimetri inequality. To prove the onverse, set q = k
k−1
and let f be a funtion on
V, with nite support. For every i ∈ V, we write
f(i) =
∫ f(i)
0
dt =
∫ ∞
0
1t<f(i)dt.
Thus,
‖f‖Lq(V,m) ≤
∫ ∞
0
∥∥1t<f(.)∥∥Lq(V,m) dt =
∫ ∞
0

 ∑
{i∈V, f(i)>t}
m(i)


1
q
dt.
If the isoperimetri inequality is true, we nd
‖f‖Lq(V,m) ≤ I
∫ ∞
0
m(∂ {i ∈ V, f(i) > t})dt
= I
∫ ∞
0
∑
{(i,j)∈E, f(j)≤t<f(i)}
m(i, j)dt
+I
∫ ∞
0
∑
{(i,j)∈E, f(i)≤t<f(j)}
m(i, j)dt
= I
∑
(i,j)∈E
|f(i)− f(j)|m(i, j).
q.e.d.
This paragraph shows that if the graph obtained by disretization (as explained above) satises
an isoperimetri inequality, it will satises a onvenient Sobolev inequality, so that we will be able
to implement our pathing proess.
It is time to turn to geometry so as to obtain onrete inequalities.
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2 Sobolev and Hardy inequalities on manifolds with non-
negative Rii urvature.
Sobolev inequalities are a major tool of global analysis. Unfortunately, they are not always available.
It is known that on manifolds with nonnegative Rii urvature and maximal volume growth, they
atually our ([Cro℄), providing a lot of analytial, geometrial and topologial information : see
[BKN℄, for instane. As soon as the volume growth is not maximal, the Sobolev inequality annot be
true. Our aim here is to show that, even if the volume growth is not maximal, a weighted Sobolev
inequality still ours.
2.1 Geometri preliminaries.
We would like to emphasize here some features of omplete manifolds with nonnegative Rii urva-
ture. These are the typial manifolds where our disretization sheme applies.
Reall that if x is a point in M , we denote by V (x,R) the volume of the ball B(x,R) entered in
x and with radius R. We will sometimes omit the enter when it is some distinguished point o. We
also introdue A(R1, R2) := B(R2)\B(R1) and V (R1, R2) := volA(R1, R2).
First, the Bishop-Gromov omparison theorem says that, in manifolds with nonegative Rii
urvature, the volume growth of balls is "subeulidian" in a very strong way.
Theorem 2.1 (Bishop-Gromov) Let M be a omplete riemannian manifold with nonnegative
Rii urvature. Then for every x in M , the funtion ρx dened for t ≥ 0 by
ρx(t) =
tn
V (x, t)
is a nondereasing funtion. It implies that for 0 < r < t,
∀ x ∈M, volB(x, t)
volB(x, r)
≤
(
t
r
)n
. (9)
And a useful orollary is that for x, y ∈M and 0 < r < t+ d(x, y) :
volB(y, t)
volB(x, r)
≤ volB(x, t+ d(x, y))
volB(x, r)
≤
(
t+ d(x, y)
r
)n
. (10)
For a proof, see [Cha℄.
Note the following simple onsequene. The argument of the proof will onstantly be used in the
sequel.
Corollary 2.2 Let Mn be a onneted omplete nonompat riemannian manifold with nonnegative
Rii urvature. Then for every κ > 1, there exists a positive onstant C(n, κ) suh that for any
x ∈M and R > 0,
C(n, κ)−1 ≤ volB(x, κR)\B(x,R)
volB(x,R)\B(x, κ−1R) ≤ C(n, κ).
Proof :
To prove the lower bound, hoose a point y on the sphere S(x, (κ+1)R/2) entered in x and of radius
(κ + 1)R/2 (suh a point exists sine M is assumed to be omplete, nonompat and onneted).
Then the ball B := B(y, (κ− 1)R/2) is ontained in B(x, κR)\B(x,R). Therefore
vol(B(x,R)\B(x, κ−1R))
vol(B(x, κR)\B(x,R)) ≤
volB(x,R)
volB(y, (κ− 1)R/2) ,
and (10) yields
vol(B(x,R)\B(x, κ−1R))
vol(B(x, κR)\B(x,R)) ≤
(
R+ (κ+1)R
2
(κ−1)R
2
)n
=
(
κ+ 3
κ− 1
)n
.
The upper bound is proved likewise. q.e.d.
Moreover, starting from the omparison theorem, P. Buser [Bus℄ showed the following
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Theorem 2.3 (Buser) In a omplete nonompat riemannian manifold with nonnegative Rii ur-
vature, for any p in [1,∞[, every ball B(x,R) satises the Lp Poinaré inequality
∀ f ∈ C∞(B(x,R)),
∫
B(x,R)
∣∣f − fB(x,R)∣∣p dvol ≤ C(n, p)Rp ∫
B(x,R)
|df |p dvol, (11)
where fB(x,R) denotes the mean value of f on the ball B(x,R), with respet to the riemannian measure
vol.
This result yields the fundamental inequalities we need. Besides, it will prove useful in the study
of the geometry at innity of manifolds with nonnegative Rii urvature.
Let us mention the Cheeger-Gromoll theorem ([CG℄,[Bes℄), whih enlightens the struture of
manifolds with nonnegative Rii urvature :
Theorem 2.4 (Cheeger-Gromoll) A onneted omplete riemannian manifold with nonnegative
Rii urvature is always the riemannian produt of the eulidian spae R
d
and a onneted omplete
riemannian manifold with nonnegative Rii urvature whih possesses no line.
Corollary 2.5 A onneted omplete nonompat riemannian manifold with nonnegative Rii ur-
vature possesses exatly one end, unless it is a riemannian produt of R and a ompat manifold.
Remark 2.6 In our setting, the volume growth of balls will forbid the partiular ase, whih is
therefore irrelevant here.
In what follows, we will be working on annuli so that we are interested in their topology/geometry,
and espeially in their onnetedness : it is an obvious neessary ondition if we hope to show a
Sobolev or Poinaré inequality on them. In [And℄, M. Anderson proved that the rst Betti number
of a onneted omplete riemannian manifold with nonnegative Rii urvature is bounded by its
dimension. Now, [LT℄ points out a onsequene of the niteness of the rst Betti number :
Proposition 2.7 Let M be a onneted omplete riemannian manifold with nonnegative Rii ur-
vature, nite rst Betti number and exatly k ends. Let us x a point o ∈M and onsider balls and
annuli entered in o. Then for large R and any r > 0, denoting by MR the union of all unbounded
onneted omponents M\B(R), it is true that A(R,R+r)∩MR has exatly k onneted omponents.
In partiular, if M has exatly one end, for large R and any r > 0, the annulus A(R,R+r) possesses
one and only one omponent that an be onneted to innity inside M\B(R).
Let us give an interpretation in terms of disretization. Consider a manifold M with nonnegative
Rii urvature, possessing one end, and x a point in M . Let us hoose R > 0 and κ > 0.
We disretize M in the following manner. We assoiate a vertex to B(R) and to every onneted
omponent of the annuli A(κiR, κi+1R), i ∈ N. Let us deide that there is an edge between two given
verties if and only if the losures of the orresponding subsets of M interset. Then the proposition
above says that for large R this graph is a tree and its root is the vertex orresponding to B(R).
From another point of view, it says, that even if R is small, outside a nite subset, the graph is a
tree.
Now, there is no reason why this tree should not have branhes, and for tehnial reasons (see
the proof of lemma 2.15 below), we would like to make them as small as possible. What we need is
some kind of ontrol on the size of bounded onneted omponents of the omplements of balls in the
manifold. This is given by the following proposition, whih we state with rather general assumptions.
Proposition 2.8 (RCA) Let M be a onneted omplete riemannian manifold, satisfying the dou-
bling volume property
∀ x ∈M, ∀R > 0, V (x, 2R) ≤ CDV (x,R),
the saled Lp Poinaré inequality entered in some point o in M
∀ f ∈ C∞c (M), ∀R > 0,
∫
B(o,R)
∣∣f − fB(o,R)∣∣p dvol ≤ CPRp ∫
B(o,R)
|df |p dvol
and the inverse doubling volume ondition entered in o
∀R2 ≥ R1 > 0, V (o, R2)
V (o, R1)
≥ Co
(
R2
R1
)ν
with ν > p. Here, CD ≥ 1, p ≥ 1, CP > 0, Co > 0. Then there exists κ0 > 0 suh that for R > 0, if
x, y are two points in S(o, R), there is a path from x to y whih remains inside B(o,R)\B(o, κ−10 R).
Moreover, it is possible to nd an expliit onstant, in terms of p,CD, CP , Co, ν.
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Figure 1: A manifold and its disretization.
In terms of the disretization we have introdued, this means that for large κ, for every two
verties on the same level of the tree (i.e. orresponding to the same annulus), there exists a vertex
of the previous level whih is onneted to both of them.
Proof :
Consider the graph obtained as above by working with Ai := A(2
i−1R, 2iR), i ∈ N∗, R > 0, plus
B(R) =: A0. Set Bi = B(2
iR). We dene C as the bijetive map whih assoiates to every vertex of
the graph the orresponding omponent of annulus. Let us write Ai for C−1(Ai) and Bi for C−1(Bi).
Now, x l ∈ N∗. We onsider the nonempty set
Il = {i ∈ [0, l], Al is ontained in a onneted omponent of Bl\Bi−1}
and set il = max Il. Call Ml the onneted omponent of Bl\Bil−1 whih ontains Al. We assume
l − il is greater than 3 and think of it as a large number.
By denition,Ml\Ail is not onneted : we hoose one of its onneted omponent X ′l and name
Y ′l the union of the other onneted omponents. We nally dene X ′l := C−1(X ′l ), Y ′l := C−1(Y ′l ),
Xl := X
′
l\Ail+1, Yl := Y ′l \Ail+1, ZXl := X ′l ∩Ail+1, ZYl := Y ′l ∩Ail+1 and Zl := ZXl ∪ZYl (see gure
2.1).
Given real numbers a and b, we an dene a Lipshitz funtion fl on Bl in the following way :
fl =


a on Xl,
b on Yl,
a ro−2
ilR
2ilR
on ZXl ,
b ro−2
ilR
2ilR
on ZYl ,
0 everywhere else.
The Poinaré inequality says∫
Bl
|fl − (fl)Bl |p dvol ≤ CP 2lpRp
∫
Bl
|dfl|p dvol. (12)
We hoose a and b so that the mean value of fl on Xl ∪ Yl is 0 :
a volXl + bvolYl = 0.
With a := 1, this means b = − volXl
vol Yl
.
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On the one hand,∫
Bl
|fl − (fl)Bl |p dvol ≥ 2−p
∫
Bl
∫
Bl
|fl(x)− fl(y)|p dxdy
volBl
≥ 2−p volXl volYl |b− a|
p
volBl
= 2−p
volXl volYl
(
1 + volXl
vol Yl
)p
volBl
.
On the other hand,∫
Bl
|dfl|p dvol ≤
(
volZXl
( a
2ilR
)p
+ volZYl
(
b
2ilR
)p)
=
volZXl + volZ
Y
l
(
volXl
volYl
)p
2ilpRp
.
So
2−p
volXl volYl
(
1 + volXl
vol Yl
)p
volBl
≤ CP 2p(l−il)
(
volZXl + volZ
Y
l
(
volXl
volYl
)p)
≤ CP 2p(l−il) volZl
(
1 +
(
volXl
volYl
)p)
,
hene
1 ≤ 2pCP 2p(l−il) volZl volBl
volXl volYl
. (13)
Now
volZl ≤ V (o, 2il+1R).
A lower bound on volXl an be obtained as in the proof of (2.2). Choose a point xl in S(o, (2
l−2+
2l−1)R/2) ∩ Xl et note that B(xl, 2l−3R) is ontained in Xl : it lies in A(2l−2R, 2l−1R) and it is
onneted, so it lies in the onneted omponent of its enter xl in A(2
l−2R, 2l−1R), hene in Xl.
The doubling volume property implies
∀ x ∈M, ∀R2 ≥ R1 > 0, V (x,R2) ≤ CD(R2/R1)log2 CDV (x,R1),
so that
V (o, 2lR)
V (xl, 2l−3R)
≤ CD
(
2l + (2l−2 + 2l−1)/2
2l−3
)log2 CD
= CD11
log2 CD
and
volXl ≥ V (xl, 2l−3R) ≥ C−1D 11− log2 CDV (o, 2lR).
As we have the same lower bound for volYl, (13) gives :
1 ≤ 2pCPC2D121log2 CD2p(l−il) V (o, 2
il+1R)
V (o, 2lR)
.
(1) enables us to write :
1 ≤ 2pCPC2D121log2 CD2νCo2(l−il)(p−ν).
Sine ν > p, this inequality says that l − il is bounded by some onstant independent of l : the
branhes of the tree have a bounded length. (2.9) stems from it easily. q.e.d.
Corollary 2.9 Let M be a onneted omplete riemannian manifold with nonnegative Rii urva-
ture and assume there are o in M , Co > 0 and ν > 1 suh that
∀R2 > R1 ≥ 1, V (o, R2)
V (o, R1)
≥ Co
(
R2
R1
)ν
Then there exists κ0 = κ0(n, ν, Co) > 0 suh that for R > 0, if x, y are two points in S(o,R), there
is a path from x to y whih remains inside B(o,R)\B(o, κ−10 R).
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2.2 Poinaré and Sobolev inequalities on onneted omponents of
annuli.
We show here that Poinaré or Sobolev inequalities on balls imply analogous inequalities on onneted
subsets of annuli.
We rst use Buser theorem (11) :
Lemma 2.10 Let Mn be a nonompat onneted omplete riemannian manifold with nonnegative
Rii urvature. Fix p ≥ 1, R > 0, κ > 1 and onsider a onneted Borel subset A of the annulus
B(o, κR)\B(o, R), o ∈ M . Then if we let Aδ be the δR-neighbourhood of A, with 0 < δ < 1, the
following Poinaré inequality is true :
∀ f ∈ C∞(Aδ),
∫
A
|f − fA|p dvol ≤ C(n, κ, δ, p)Rp
∫
Aδ
|df |p dvol.
Proof :
Set s = δR and onsider a s-lattie (xi)i∈I of A, i.e. a maximal subset of A suh that the distane
between any two of its elements is at least s. We then set Vi = B(xi, s), V
∗
i = V
♯
i = B(xi, 3s).
It is easy to see that (Vi, V
∗
i , V
♯
i )i∈I is a good overing of A in Aδ (f. (1.1)), with respet to the
riemannian measure. Indeed, for (iii), we an note that the V ∗i under onsideration are ontained in
B(xi0 , 9s) and use (10) to get vol(B(xi0 , 9s)) ≤ 30n vol(B(xi, s2 )) ; sine the balls B(xi, s2 ) do not
interset, we see that Q1 = 30
n
is onvenient. In (iv), we an hoose k(i, j) = i. As to (v), (9) yields
vol(V ∗i ) ≤ 3n vol(Vi) and (10) gives vol(V ∗i ) ≤ 5n vol(Vj), so that we an set Q2 = 5n.
We intend to apply the theorem 1.10 with k = ∞. First, (11) yields the ontinuous inequality,
with onstant C(n, p)s2. What about the disrete inequality ?
Notiing the balls B(xi,
s
2
) do not interset and are ontained in the ball B(o, κR + s
2
), we nd
that
Card(I)min
i∈I
vol(B(xi, s/2)) ≤ vol(B(o, κR + s/2)),
and with (10), this implies an upper bound on the number of balls in the overing
Card(I) ≤
(
κR + s/2 + κR
s/2
)n
= (1 + 4κ/δ)n =: N = N(n, κ, δ).
The point is it is independent of R.
Now, every nite onneted graph endowed with the ounting measure satises a Poinaré in-
equality : this stems from the fat that any two norms on a vetor spae of nite dimension are
equivalent (the onnetivity is neessary here to ensure that we indeed ompare two norms). As
there is only a nite number of suh graphs whih have at most N verties, we onlude that every
suh graph satises a Poinaré inequality for some onstant P = P (N, p) (see below for an expliit
onstant). Sine (10) implies
∀ i, j ∈ V, vol(Vi)
vol(Vj)
≤ (1 + 2κ/δ)n,
there is a number K = K(n, κ, δ) ≥ 1 suh that
K−1m0 ≤ m(i) ≤ Km0,
where m0 is proportionnal to the ounting measure on our graph G = (V, E).
Then for every f ∈ RV :(∑
i∈V
|f(i)−m(f)|pm(i)
)1/p
≤ 2 inf
c∈R
(∑
i∈V
|f(i)− c|pm(i)
)1/p
≤ 2
(∑
i∈V
|f(i)−m0(f)|pm(i)
)1/p
≤ 2K
(∑
i∈V
|f(i)−m0(f)|pm0(i)
)1/p
≤ 2PK1/p

 ∑
(i,j)∈E
|f(i) − f(j)|pm0(i, j)

1/p
≤ 2PK2/p

 ∑
(i,j)∈E
|f(i) − f(j)|pm(i, j)

1/p
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This yields a disrete Poinaré inequality with a onstant depending only on n, κ, δ, p and nishes
the proof, thanks to (1.10). q.e.d.
The same pattern gives an analogous Sobolev inequality. We rst reall a theorem of L. Salo-
Coste ([SC1℄, [SC2℄) : in a omplete riemannian manifold with nonnegative Rii urvature, every
smooth funtion f on a ball B(x,R) satises the Sobolev inequality
(∫
B(x,R)
∣∣f − fB(x,R)∣∣ 2nn−2 dvol
) n−2
n
≤ C(n) R
2
V (x,R)
2
n
∫
B(x,R)
|df |2 dvol, (14)
Note that this result follows in fat from (11) and (9). We dedue the
Lemma 2.11 Let Mn be a nonompat onneted omplete riemannian manifold with nonnegative
Rii urvature and n ≥ 3. Fix R > 0, κ > 1 and onsider a onneted Borel subset A of the annulus
B(o, κR)\B(o, R), o ∈ M . Then if we let Aδ be the δR-neighbourhood of A, with 0 < δ < 1, the
following Sobolev inequality is true.
∀ f ∈ C∞(Aδ),
(∫
A
|f − fA| 2nn−2 dvol
) n−2
n
≤ C(n, κ, δ) R
2
V (o,R)2/n
∫
Aδ
|df |2 dvol.
Proof :
We just explain how to adapt the previous argument, using the same notation. We set q = 2n
n−2
.
We want to apply (1.10) for p = 2 and k = n, with the same good overing. The disrete Lq
Poinaré inequality we need is given by the previous proof.
(10) gives for every i in I
V (o,R)
V (xi, δR)
≤
(
1 + κ
δ
)n
,
hene V (xi, 3s) ≥ V (xi, s) ≥ C(n, κ, δ)V (o,R), so that the Salo-Coste theorem (14) yields a on-
tinuous Sobolev-Neumann inequality for the pair of measures (vol, vol) :
∀ f ∈ C∞(V ∗i ),
(∫
Vi
|f − fVi |q dvol
) 2
q
≤ C(n, κ, δ)R2V (o,R)−2/n
∫
V ∗
i
|df |2 dvol, (15)
and
∀ f ∈ C∞(V ♯i ),
(∫
V ∗i
∣∣f − fV ∗i ∣∣q dvol
) 2
q
≤ C(n, κ, δ)R2V (o,R)−2/n
∫
V
♯
i
|df |2 dvol. (16)
(1.10) ends the proof. q.e.d.
Let us make a little remark. In the arguments above, we laimed the existene of the onstants
P and S. Indeed, we an make them expliit, using the following proposition.
Proposition 2.12 Consider a nite onneted graph G = (V, E) with Nv verties, endowed with the
ounting measure. Fix p ≥ 1. Then for every real funtion f on V,
sup
i∈V
|f(i) −m(f)| ≤ N1−1/pe

 ∑
(i,j)∈E
|f(i)− f(j)|p

1/p
and in partiular, ∑
i∈V
|f(i)−m(f)|p ≤ Nv(Nv − 1)p−1
∑
(i,j)∈E
|f(i) − f(j)|p .
Proof :
First, we an assume the graph is a tree : utting o edges does not hange the left-hand sides and
makes the right-hand sides of the inequalities grow. Then, the graph has exatly Nv−1 edges. Now,
to eah edge e we assoiate a opy Ie of the segment [0, 1] ; the ends of Ie (orresponding to 0 and
1) an be viewed as two verties in the graph G. We then build a spae X by gluing all Ie, in the
natural way, that is, we deide that the ends of segments orresponding to the same vertex in G
give rise to one point in X. X is endowed with a natural topology and a natural Borel measure,
steming from those of [0, 1]. Note that the omplement X˜ of the points where two segments are glued
together even possesses a natural dierential struture, and a riemannian metri. Given f ∈ RV , we
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an dene a ontinuous funtion g on X in the following manner : g is linear on eah segment Ie
and its values at the ends of segments are simply those of f . Let e be an edge of the graph, between
the verties i and j, that we identify (respetively) with 0 and 1 in [0, 1]. The restrition of g on Ie
an be identied with a funtion ge dened on [0, 1] by the formula
ge(t) = f(i) + t(f(j)− f(i)).
Suh a funtion g has a derivative g′ whih is dened outside the verties and onstant on the (image
in X of the) interior of eah Ie : g
′
e = f(j) - f(i). We laim the following inequality is true
‖g‖L∞(X) ≤ (Nv − 1)1−1/p
∥∥g′∥∥
Lp(X)
(17)
as soon as g is ontinuous on X, C1 on X˜ and vanishes somewhere. Let us prove it. We hoose x0
suh that g(x0) = 0. Then, given a point x in the arwise onneted spae X, we an nd a unit
speed path γ from x0 to x whih runs along eah segment at most one. We an write
g(x) =
∫
γ
g′
and the Hölder inequality implies
|g(x)| ≤ length(γ)1−1/p
(∫
γ
∣∣g′∣∣p)1/p ≤ (Nv − 1)1−1/p ∥∥g′∥∥Lp(X) .
Now, we want to apply this to the funtion g ∈ C0(X) whih is obtained from a funtion f ∈ RV
with zero mean value. As g takes every value in the onvex hull of the values of f , suh a g vanishes
at some point, so that g satises (17). Eventually, we observe
‖g‖L∞(X) = ‖f‖L∞(V)
and ∥∥g′∥∥
Lp(X)
=

 ∑
(i,j)∈E
|f(i)− f(j)|p

1/p ,
and we are done. q.e.d.
Remark 2.13 It is possible to give a disrete proof of this result. For instane, observing that for
any real number c (∑
i∈V
|f(i)−m(f)|p
)1/p
≤ 2
(∑
i∈V
|f(i)− c|p
)1/p
we an hoose c so that f − c vanishes at some vertex. It is then easy to adapt the argument above,
keeping it ompletely disrete. But the onstant we nd that way is twie the one in the proposition.
2.3 The weighted Sobolev inequality.
In this paragraph, M is a onneted omplete riemannian manifold, with dimension n ≥ 3, non-
negative Rii urvature and satisfying (1) for some point o. We want to prove a weighted Sobolev
inequality on M , by applying the theorem (1.8) for p = 2 and k = n with a good overing that we
design now.
2.3.1 A good overing
We x some large κ, so as to be sure that, for any R > 0, any two onneted omponents of A(R,κR)
are ontained in one onneted omponent of A(κ−1R, κR) : this is made possible by (2.9). Reall
κ an be hosen so that it depends only on n, Co and ν. We also hoose a ray starting from o and
all it γ. We will sometimes use the notation Ri := κ
i
, i ∈ Z.
For every integer i, we denote by U ′i,a, 0 ≤ a ≤ h′i the onneted omponents of A(Ri−1, Ri),
U ′i,0 being the one whih intersets γ. As in the proofs of 2.10 and 2.11, (10) provides a bound
h = h(n, κ) <∞ on the various h′i, i ∈ Z.
A priori, this will not yield a good overing beause some of the U ′i,a may be small ompared to
their neighbours, ontraditing (v) in 1.1. This is the reason why we need to modify the overing
slightly : we will glue every small omponent on the level i to a large one on the level i− 1. Let us
explain what we mean preisely.
We proeed in two steps.
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• First, we set Ui,a = U ′i,a for every i ∈ Z and 1 ≤ a ≤ h′i suh that U ′i,a intersets A(Ri, Ri+1) ;
every suh Ui,a ontains a point x on the sphere S((Ri−1 +Ri)/2) and thus a ball entered in
x and with radius Ri−2, whose volume is omparable to V (Ri) (with (10)).
• Then we onsider every (i, a) suh that U ′i,a ∩A(Ri, Ri+1) is empty. There is b in [0, h′i−1] suh
that U ′i,a ∪ U ′i−1,b is onneted : we enlarge Ui−1,b by adding U ′i,a to it.
After deleting the indies whih are not used any more, this yields a overing (Ui,a) of M\ {o},
indexed by i ∈ Z and a ∈ [0, hi], hi ≤ h′i, with Ui,a ⊂ A(Ri−1, Ri+1) and volUi,a ≈ V (Ri).
The following gure gives an example : on the left, dierent onneted omponents of annuli
A(Ri−1, Ri) ; in the enter, the modied overing ; on the right, the assoiated graph.
PSfrag replaemen s
U ′1,0
U ′2,0
U ′3,0
U ′4,0
U ′3,1 U
′
3,2
U ′4,1
U1,0
U2,0
U3,0
U4,0
U3,1
(1, 0)
(2, 0)
(3, 0)
(4, 0)
(3, 1)
For i in Z and 0 ≤ a ≤ hi, we furthermore let U∗i,a be the union of all the Uj,b, j ∈ Z, 0 ≤ b ≤ hj ,
whose losure intersets Ui,a. And likewise, let U
♯
i,a be the union of all the U
∗
j,b, j ∈ Z, 0 ≤ b ≤ hj ,
whose losure intersets U∗i,a.
Now, we introdue the measure
dµρ = ρ(r)
− 2
n−2 dvol,
where r = ro = d(o, .) and ρ(t) = ρo(t) is dened for t ≥ 0 by
ρ(t) =
tn
V (t)
.
Bishop-Gromov theorem says it is a nondereasing funtion and indeed, for 0 < R1 ≤ R2,
1 ≤ ρ(R2)
ρ(R1)
≤
(
R2
R1
)n
; (18)
besides, ρ(0) = ω−1n , where ωn denotes the volume of the unit sphere in R
n
.
It is easy to see that U = (Ui, U∗i , U ♯i ) is a good overing of M in M with respet to (µρ, vol) :
(v) is again a onsequene of (10).
Let us prove the ontinuous and disrete Sobolev inequalities we need.
2.3.2 The ontinuous Sobolev inequality.
Lemma 2.14 For every i ∈ Z and 0 ≤ a ≤ hi, eah smooth funtion f on U ♯i,a satises(∫
Ui,a
∣∣f − fUi,a ∣∣ 2nn−2 dµρ
) n−2
n
≤ Sc
∫
U∗i,a
|df |2 dvol
and (∫
U∗i,a
∣∣∣f − fU∗i,a ∣∣∣ 2nn−2 dµρ
) n−2
n
≤ Sc
∫
U
♯
i,a
|df |2 dvol,
with Sc = Sc(n, κ).
Proof :
Set q = 2n
n−2
. For f ∈ C∞(U ♯i,a), i ∈ Z :∫
Ui,a
∣∣f − fUi,a,µρ ∣∣q dµρ ≤ 2q inf
c∈R
∫
Ui,a
|f − c|q dµρ
≤ 2q
∫
Ui,a
∣∣f − fUi,a,vol∣∣q dµρ,
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so that (2.11) (with some small δ : 0 < δ < 1− κ−1) and (18) imply(∫
Ui,a
∣∣f − fUi,a ∣∣q dµρ
)2/q
≤ ρ(Ri−1)−2/nC(n, κ)ρ(Ri+1)2/n
∫
U∗i,a
|df |2 dvol
≤ C(n, κ)κ2n
∫
U∗
i,a
|df |2 dvol
≤ C(n, κ)
∫
U∗i,a
|df |2 dvol.
And suh estimates with the pairs (U∗i,a, U
♯
i,a) also hold for the same reason. q.e.d.
2.3.3 The disrete Sobolev inequality.
We onsider the weighted graph (V, E ,mρ) assoiated to the good overing U ofM inM , with respet
to (µρ, vol) (to simplify the notation, we write mρ instead of mµρ). What about the struture of
the graph ? Proposition 2.7, plus the fat that the geometry near o is quasi-eulidian, implies the
assoiated graph, outside a nite subset, onsists of two trunks, orresponding to neighbourhoods of
o and of innity ; moreover, thanks to the bound h(n, κ) on the hi, the degrees of the verties admit
an upper bound in terms of n and κ.
The measure mρ is dened as follows : for eah i ∈ Z and a ∈ [0, hi],
mρ(i, a) =
∫
Ui,a
ρ(r)−
2
n−2 dvol,
so that we an estimate :
vol(Ui,a)ρ(Ri+1)
− 2
n−2 ≤ mρ(i, a) ≤ vol(Ui,a)ρ(Ri−1)− 2n−2 ;
using (10) and (18), this yields
C(n, κ)−1V (Ri)ρ(Ri)
− 2
n−2 ≤ mρ(i, a) ≤ C(n, κ)V (Ri)ρ(Ri)− 2n−2 . (19)
In partiular, again with (10) and (18), this allows us to apply proposition 1.12 : we are left to show
that an isoperimetri inequality (8) atually ours.
Let Ω be a nite subset of V. Set l := max {i ∈ Z, ∃ a ∈ [0, hi], (i, a) ∈ Ω}. First, we hoose a
onvenient edge in ∂Ω.
• If (l, 0) belongs to Ω, the edge e := ((l, 0), (l + 1, 0)) is in ∂Ω.
• Otherwise, we hoose (l, b) in Ω. Our hoie of κ ensures there is a sequene of edges staying
on the levels l and l − 1 and whih onnets (l, b) to (l, 0). Among these, there is neessarily
an edge whih onnets a vertex in Ω to a vertex outside Ω and we all it e : it belongs to ∂Ω.
Then we an write
mρ(Ω)
mρ(∂Ω)
≤
∑l
i=−∞
∑hi
a=0mρ(i, a)
mρ(e)
≤ C(n, κ)
l∑
i=−∞
∑hi
a=0mρ(i, a)
mρ(l, 0)
.
With (18), we nd
mρ(Ω)
mρ(∂Ω)
≤ C(n, κ)
l∑
i=−∞
V (Ri)ρ(Ri)
− 2
n−2
V (Rl)ρ(Rl)
− 2
n−2
≤ C(n, κ)
l∑
i=−∞
[
V (Ri)
V (Rl)
(
Ri
Rl
)−2] nn−2
so that (1) gives
mρ(Ω)
mρ(∂Ω)
≤ C(n, κ)C−
n
n−2
o
l∑
i=−∞
(
Ri
Rl
) n(ν−2)
n−2
= C(n, κ)C
− n
n−2
o
∞∑
j=0
κ−j
n(ν−2)
n−2
=
C(n, κ)C
− n
n−2
o
1− κ−n(ν−2)n−2
,
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sine ν > 2.
Then (1.12) and (1.14), with k =∞, lead to the
Lemma 2.15 For any 1 ≤ p < ∞, there exists a onstant Sd, depending on p, κ, n, Co, ν, suh
that for every real funtion f with nite support in V :
(∑
v∈V
|f(v)|pmρ(v)
) 1
p
≤ Sd

 ∑
(v,w)∈E
|f(v)− f(w)|pmρ(v, w)


1
p
.
2.3.4 Conlusion.
Theorem 2.16 (Weighted Sobolev inequality) Let Mn, n ≥ 3, be a onneted omplete rie-
mannian manifold with nonnegative Rii urvature. Assume that there exists o ∈ M , ν > 2 and
Co > 0 suh that
∀R2 ≥ R1 > 0, V (o,R2)
V (o,R1)
≥ Co
(
R2
R1
)ν
.
Then M satises the weighted Sobolev inequality
∀ f ∈ C∞c (M),
(∫
M
|f | 2nn−2 ρo(ro)− 2n−2 dvol
)1− 2
n
≤ S
∫
M
|df |2 dvol.
Here, S an be hosen to depend only on n, Co, ν.
Proof :
We just use 1.8, 2.14 and 2.15. q.e.d.
Remark 2.17 If one prefers polynomial weights, note 2.16 implies there is a onstant S˜ suh that
∀ f ∈ C∞c (M),
(∫
M
|f | 2nn−2 ro−
2(n−ν)
n−2 dvol
)1− 2
n
≤ S˜
∫
M
|df |2 dvol,
where ro is the funtion whih is equal to 1 inside B(o, 1) and to ro outside this ball (just use (3)).
Observe we annot write ro instead of ro, unless ν = n. The obstrution to do this for the Sobolev
inequality is that loally the weight would not t : the orresponding inequality is false on R
n
, hene
on any riemannian manifold (use the family of funtions max(1− ro/ǫ, 0), ǫ > 0). Note also that S˜
depends on n, Co, ν and V (o, 1).
Let us introdue some notation for the best onstant in our inequality.
Denition 2.18 Let Mn be a onneted omplete riemannian manifold, n ≥ 3. For every o ∈ M ,
we dene the riemannian invariant
So(M) := sup
f∈C∞c (M)\{0}
(∫
M
|f | 2nn−2 ρo(ro)− 2n−2 dvol
)1− 2
n∫
M
|df |2 dvol .
The same method gives the
Theorem 2.19 Let Mn, n ≥ 3, be a onneted nonompat omplete riemannian manifold with
nonnegative Rii urvature. Assume that there exists o ∈M , ν > 1 and Co > 0 suh that
∀R2 ≥ R1 > 0, V (o,R2)
V (o,R1)
≥ Co
(
R2
R1
)ν
.
Then if β > − ν−2
n−ν
, M satises the weighted Sobolev inequality
∀ f ∈ C∞c (M),
(∫
M
|f | 2nn−2 ρo(ro)
nβ−2
n−2 dvol
) n−2
n
≤ Sβ
∫
M
|df |2 ρo(ro)βdvol,
with Sβ = Sβ(n, Co, ν, β).
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Proof :
We wish to apply (1.8) to the measures ρo(ro)
nβ−2
n−2 dvol and ρo(ro)
βdvol and the same good overing.
Our hoie of weights ensures the ontinuous Sobolev inequality, as in (2.14) : for i in Z, a ∈ [0, hi]
and f in C∞(U∗i ), (2.11) yields(∫
Ui,a
∣∣f − fUi,a ∣∣ 2nn−2 ρo(ro)nβ−2n−2 dvol)1−2/n
≤ C(n, κ)ρo(Ri)
nβ−2
n−2 ρo(Ri)
2
n
∫
U∗
i,a
|df |2 dvol
≤ C(n, κ)ρo(Ri)nβ−2n ρo(Ri) 2n ρo(Ri)β
∫
U∗i,a
|df |2 ρo(ro)βdvol
= C(n, κ)
∫
U∗i,a
|df |2 ρo(ro)βdvol.
As for the disrete inequality, we proeed as in the proof of 2.15. Essentially, using the same
notations as in this proof, we obtain
m(Ω)
m(∂Ω)
≤ C(n, κ)
l∑
i=−∞
V (Ri)ρ(Ri)
nβ−2
n−2
V (Rl)ρ(Rl)
nβ−2
n−2
≤ C(n, κ)
l∑
i=−∞
[(
V (Ri)
V (Rl)
)1−β (
Ri
Rl
)nβ−2] nn−2
so that (1) gives
m(Ω)
m(∂Ω)
≤ C(n, κ)C−
n(1−β)
n−2
o
∞∑
j=0
κ−j
n(ν−2+β(n−ν))
n−2
whih is nite thanks to our assumption on β. q.e.d.
Remark 2.20 In partiular, for β = 1, the inequality reads
∀ f ∈ C∞c (M),
(∫
M
|f | 2nn−2 r
n
o
V (o, r)
dvol
) n−2
n
≤ S
∫
M
|df |2 r
n
o
V (o, r)
dvol
The piture is the following : the volume growth of balls is in general not eulidian (i.e. it does
not behave like rn) and therefore we annot hope to nd a nonweighted Sobolev inequality (f. next
paragraph) ; nevertheless, by radially modifying the riemannian measure so that it has eulidian
growth, we manage to obtain a Sobolev inequality.
2.3.5 What does a weighted Sobolev inequality implies on the volume growth
of balls ?
Proposition 2.21 Let Mn, n ≥ 3, be a onneted nonompat omplete riemannian manifold with
nonnegative Rii urvature. Assume that there exists o ∈M , α ≥ 0 and S > 0 suh that
∀ f ∈ C∞c (M),
(∫
M
|f | 2nn−2 ro−αdvol
) n−2
n
≤ S
∫
M
|df |2 dvol.
Then there is a onstant Ao > 0 suh that
∀R ≥ 1, V (o,R) ≥ AoRν ,
where ν is the real number dened by α = 2n−ν
n−2
.
Proof :
As usual, we set q = 2n/(n− 2) > 2. Then we x R ≥ 2 and 0 < t ≤ R/2 and onsider the Lipshitz
funtion
f := max(t− d(., S(o,R)), 0)) :
f = t on the sphere S(o,R), f = 0 outside some t-neighbourhood of this sphere and, on this
t-neighborhood, it dereases radially at unit speed. Thus∫
M
|f |q r−αdvol ≥ (t/2)q(R+ t)−α vol(A(R− t/2, R + t/2)
and ∫
M
|df |2 dvol ≤ vol(A(R− t, R + t).
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The Sobolev inequality yields :
(t/2)2(R + t)−2α/q vol(A(R− t/2, R + t/2)2/q ≤ S vol(A(R− t, R + t).
For i ∈ N∗, we apply this to t = 2−iR. With Vi := vol(A(R(1− 2−i), R(1 + 2−i)),
R24−i−1((1 + 2−i)R)−2α/qV
2/q
i+1 ≤ SVi.
By indution, there is a onstant C whih does not depend on R suh that for every i ≥ 1
vol(B(2R)) ≥ V1 ≥
(
CR2−2α/q
)∑ i−1
j=0(2/q)
j
(
i−1∏
j=0
(4−j)(2/q)
j
)
Vi.
As a riemannian manifold is loally quasi-eulidian, for i −→ ∞,
V
(2/q)i
i ≥
(
C(R)(2−iR)n
)(2/q)i
−→ 1.
Eventually,
vol(B(2R)) ≥ C 11−2/qR
2−2α/q
1−2/q
∞∏
j=0
(4−j)(2/q)
j
.
And indeed, ν = 2−2α/q
1−2/q
is the same as α = 2n−ν
n−2
. q.e.d.
2.4 The Hardy inequality.
With 1.8, we an also path loal Poinaré inequalities together. Working under the same assumptions
as above, the global inequality we nd is a Hardy inequality.
Theorem 2.22 (Hardy inequality) Let Mn, n ≥ 3, be a onneted nonompat omplete rieman-
nian manifold with nonnegative Rii urvature. Fix some p ≥ 1. Assume that there exists o ∈ M ,
ν > p and Co > 0 suh that
∀R2 > R1 ≥ 1, V (o,R2)
V (o,R1)
≥ Co
(
R2
R1
)ν
.
Then M satises the Hardy inequality
∀ f ∈ C∞c (M),
∫
M
|f |p r−po dvol ≤ H
∫
M
|df |p dvol,
with a onstant H depending only on n, Co, ν, p.
Proof :
The proof onsists in applying 1.8 with k = ∞. We will use the same "good" overing U as in
paragraph 2.3.1, notiing it is also "good" for the pair of measures (r−pdvol, dvol).
We need a ontinuous Poinaré inequality. Indeed, as for 2.14, if we hoose i ∈ Z and a ∈ [0, hi],
eah smooth funtion f on U ♯i,a satises∫
Ui,a
∣∣f − fUi,a,µα ∣∣p r−pdvol = inf
c∈R
∫
Ui,a
|f − c|p r−pdvol
≤
∫
Ui,a
∣∣f − fUi,a ∣∣p r−pdvol
so that, with 2.10,∫
Ui,a
∣∣f − fUi,a ∣∣p r−pdvol ≤ C(n, κ)R−pi−1Rpi+1 ∫
Ui,a
∣∣f − fUi,a ∣∣p r−pdvol
≤ C(n, κ)
∫
U∗i,a
|df |p dvol.
And the same argument works with the pairs (U∗i,a, U
♯
i,a).
The disrete inequality required in 1.8 follows from the argument of 2.15 ; here, we estimate the
disrete isoperimetri quotient by
C(n, κ)
l∑
i=−∞
V (Ri)
V (Rl)
(
Ri
Rl
)−p
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whih is bounded by
C(n, κ)Co
∞∑
j=0
κ−j(ν−p) <∞
thanks to our assumption on the volume growth of balls. q.e.d.
For onveniene, we give a name to the best onstant in the Hardy inequalities.
Denition 2.23 Let M be a onneted omplete riemannian manifold. For o ∈M and ro := d(o, .),
we dene the riemannian invariant
Ho(M) := sup
f∈C∞c (M)\{0}
∫
M
|f | r−1o dvol∫
M
|df | dvol .
3 Weighted Sobolev inequalities and Shrödinger opera-
tors.
In this setion, we explain a few analytial onsequenes of the weighted Sobolev inequality. They
will nd geometri appliations in the last setion. We assume here thatMn is a onneted omplete
nonompat manifold suh that for some point o in M and S > 0, the following weighted Sobolev
inequality is true :
∀ f ∈ C∞c (M),
(∫
M
|f | 2nn−2 ρo(ro)− 2n−2 dvol
)1− 2
n
≤ S
∫
M
|df |2 dvol.
As previously, we will often write ρ(r) for ρo(ro), but also
dµρ = ρ(r)
− 2
n−2 dvol
and
q =
2n
n− 2 .
We onsider a smooth eulidian vetor bundle E −→M , endowed with a ompatible onnetion
∇. We will always denote by (.) the pointwise salar produt on a eulidian vetor bundle, by |.|
the pointwise norm, by ∆ = ∇∗∇ the Bohner laplaian (or "rough laplaian"). Our interest lies in
Shrödinger operators ∆+ V , where V is a ontinuous eld of symmetri endomorphisms of E. We
deompose V as V = V+ − V−, where V+ and V− are elds of positive symmetri endomorphisms of
E. We desribe here some onsequenes of the weighted Sobolev inequality on these operators.
3.1 A vanishing theorem.
The following theorem is a generalization of [Car1℄.
Theorem 3.1 (Vanishing theorem) Fix m > 1 and assume the potential V satises
S
(∫
M
|V−|n2 ρ(r)dvol
) 2
n
< ǫ(m),
where
ǫ(m) =
{
2
m
if m ≥ 2,
2
m
(
2− 2
m
)
if 1 < m < 2,
Then every loally Lipshitz setion σ of E suh that∫
A(R/2,R)
|σ|m dvol = o(R2)
and
(∆σ + V σ, σ) ≤ 0
is identially zero.
Remark 3.2 In this statement, the distribution (∆σ, σ) is dened by :
∀φ ∈ C∞c (M), < (∆σ, σ), φ >=
∫
M
(∇σ,∇(φσ))dvol.
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Proof :
We rst treat the ase m = 2. Let R be a positive number. Let us hoose a smooth funtion χ
whih is 1 on B(R), 0 on M\B(2R), takes its values in [0, 1] and satises |dχ| ≤ 2/R. We apply the
weighted Sobolev inequality to the Lipshitz funtion χ |σ| (we omit the riemannian measure in the
next formulas so as to make them easier to read) :(∫
M
χq |σ|q ρ(r)− 2n−2
) 2
q
≤ S
∫
M
|d(|χσ|)|2 ≤ S
∫
M
|∇(χσ)|2 ,
where we used the Kato inequality. Now,
∆(χσ) = χ∆σ + (∆χ)σ − 2∇gradχσ
and integration by parts gives∫
M
|∇(χσ)|2 =
∫
M
(∆(χσ), χσ)
=
∫
M
χ2(σ,∆σ) +
∫
M
χ∆χ |σ|2 − 1
2
∫
M
(d(χ2), d(|σ|2))
=
∫
M
χ2(σ,∆σ) +
∫
M
|dχ|2 |σ|2
≤ −
∫
M
χ2(V−σ, σ) +
4
R2
∫
A(R,2R)
|σ|2 .
The Hölder inequality implies
−
∫
M
χ2(V−σ, σ) ≤
∫
M
χ2 |σ| ρ(r)− 2n |V−| ρ(r) 2n
≤
(∫
M
χq |σ|q ρ(r)− 2n−2
) 2
q
(∫
M
|V−|n2 ρ(r)
) 2
n
︸ ︷︷ ︸
NV
.
All in all, we nd
(1− SNV )
(∫
M
χq |σ|q ρ(r)− 2n−2
) 2
q
≤ 4S
R2
∫
A(R,2R)
|σ|2
and the assumption on the potential allows us to write(∫
B(R)
|σ|q ρ(r)− 2n−2
) 2
q
≤ 4S
1− SNV
1
R2
∫
A(R,2R)
|σ|2 .
Letting R −→ +∞, we obtain σ = 0.
Now, we turn to the ase m ≥ 2. First note that the Kato inequality implies
|σ|∆ |σ| = |d |σ||2 + 1
2
∆ |σ|2 ≤ |∇σ|2 + 1
2
∆ |σ|2 ,
and sine
(σ,∆σ) = |∇σ|2 + 1
2
∆ |σ|2 ,
this means we always have the inequality
|σ|∆ |σ| ≤ (σ,∆σ)
and in our setting
|σ|∆ |σ| ≤ (σ, V−σ) ≤ |V−| |σ|2 .
So, if u := |σ|m/2,
u∆u = |σ|m/2∆ |σ|m/2
=
m
2
|σ|m−2 |σ|∆ |σ| − m
2
(m
2
− 1
)
|σ|m−2 |d |σ||2
≤ m
2
|σ|m |V−| − m
2
(m
2
− 1
)
|σ|m−2 |d |σ||2
=
m
2
u2 |V−| −
(
1− 2
m
)
|d |u||2 .
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Thus u(∆u− m
2
|V−| u) ≤ 0 and we an apply the ase m = 2 to u.
For the ase 1 < m < 2, we go bak to the weighted Sobolev inequality, applied to the loally
Lipshitz funtion χu
m/2
ǫ , where uǫ =
√
|σ|2 + ǫ, ǫ > 0 :
1
S
(∫
M
χqu
mq
2
ǫ ρ(r)
− 2
n−2
) 2
q
=
∫
M
|dχ|2 umǫ +
∫
M
χ2
∣∣∣d(um/2ǫ )∣∣∣2 + 2 ∫M (um/2ǫ dχ, χd(um/2ǫ ))
≤ (1 + 1/b) ∫
M
|dχ|2 umǫ + (1 + b)
∫
M
χ2
∣∣∣d(um/2ǫ )∣∣∣2
for any b > 0. Integration by parts yields∫
M
χ2
∣∣∣d(um/2ǫ )∣∣∣2
=
∫
M
(χ2d(um/2ǫ ), d(u
m/2
ǫ ))
=
∫
M
2χ(um/2ǫ dχ, d(u
m/2
ǫ )) +
∫
M
χ2um/2ǫ ∆(u
m/2
ǫ )
= 2
∫
M
(um/2ǫ dχ, χd(u
m/2
ǫ )) +
m
2
∫
M
χ2um−1ǫ ∆uǫ
+
(
2
m
− 1
) ∫
M
χ2
∣∣∣d(um/2ǫ )∣∣∣2 .
So, if a > 0, ∫
M
χ2
∣∣∣d(um/2ǫ )∣∣∣2 ≤ ( 2m − 1 + a) ∫M χ2
∣∣∣d(um/2ǫ )∣∣∣2
+
m
2
∫
M
χ2um−1ǫ ∆uǫ +
1
a
∫
M
|dχ|2 umǫ
and if moreover a < 2− 2/m,∫
M
χ2
∣∣∣d(um/2ǫ )∣∣∣2 ≤ (2− 2m − a)−1
(
m
2
∫
M
χ2um−1ǫ ∆uǫ +
1
a
∫
M
|dχ|2 umǫ
)
.
Thus
1
S
(∫
M
χqu
mq
2
ǫ ρ(r)
− 2
n−2
) 2
q
≤ C(m,a, b)
∫
M
|dχ|2 umǫ +D(m, a, b)
∫
M
χ2um−1ǫ ∆uǫ
where
C(m,a, b) = 1 + 1/b +
1 + b
a(2− 2/m − a)
and
D(m, a, b) =
(1 + b)m
2(2− 2/m − a) .
We ompute
uǫ∆uǫ = (σ,∆σ)− ǫ |∇σ|
2
u2ǫ
− |σ|
2 |∇σ|2 − (σ,∇σ)2
u2ǫ
,
to ensure
uǫ∆uǫ ≤ (σ,∆σ) ≤ |V−| |σ|2 .
Therefore,
1
S
(∫
M
χqu
mq
2
ǫ ρ(r)
− 2
n−2
) 2
q
≤ C(m,a, b)
∫
M
|dχ|2 umǫ +D(m,a, b)
∫
M
χ2um−2ǫ |V−| |σ|2
and when ǫ −→ 0,
1
S
(∫
M
χq |σ|mq2 ρ(r)− 2n−2
) 2
q
≤ C(m,a, b)
∫
M
|dχ|2 |σ|m +D(m,a, b)
∫
M
χ2 |V−| |σ|m .
As previously, this implies :(∫
B(R)
|σ|mq/2 ρ(r)− 2n−2
) 2
q
≤ 1
1− SNVD(m,a, b)
4SC(m, a, b)
R2
∫
A(R,2R)
|σ|m ,
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providing
NV <
1
SD(m,a, b)
=
2
mS
1
1 + b
(2− 2/m− a),
whih, under our assumption on V , an always be ahieved by hoosing suiently small a and b.
Letting R −→∞, we prove the laim. q.e.d.
3.2 Some general deay estimates.
Now what an we say if we only have∫
M
|V−|n2 ρ(r)dvol <∞ ?
Adapting a tehnique developped in [BKN℄, we an prove some deay estimates on the setions σ
suh that ∆σ + V σ ≤ 0. We prove three general lemmas and we will see later (4.2) how to apply
them in a geometri setting, where the potential depends on the setion σ. The idea is to implement
a Nash-Moser iteration : this is the third lemma. But this lemma only works under a tehnial
assumption on the potential, whih an be ensured by the rst lemma. Finally, the seond lemma is
a key to a "self-improvement" of the deay estimate we will nd.
Lemma 3.3 (Initiation) We assume the potential V satises∫
M
|V−|n/2 ρ(r)dvol < +∞.
and we onsider a loally Lipshitz setion σ of E suh that for some m > 1∫
A(R,2R)
|σ|m dvol = o(R2)
and
(σ,∆σ + V σ) ≤ 0.
Then for large R : (∫
M\B(2R)
|σ|mq2 dµρ
) 2
q
≤ C
R2
∫
A(R,2R)
|σ|m dvol.
Proof :
Proeeding as in the proof of the vanishing theorem, we nd for u := |σ|m/2 and χ ∈ C∞c (M) :(∫
M
χquqρ(r)−
2
n−2
) 2
q
≤ C
(∫
M
χ2u2 |V−|+
∫
M
|dχ|2 u2
)
,
and, using Hölder inequality, this yields :(∫
M
χquqρ(r)−
2
n−2
) 2
q
≤ C
(∫
suppχ
|V−|n2 ρ(r)
) 2
n
(∫
M
χquqρ(r)−
2
n−2
) 2
q
+ C
∫
M
|dχ|2 u2.
Now we set R >> 1, R′ > 2R and we hoose χ with support in A(R, 2R′), with value 1 on
[2R,R′], satisfying |dχ| ≤ 2
R
on A(R, 2R) and |dχ| ≤ 2
R′
on A(R′, 2R′). Thus
(∫
M
χquqρ(r)−
2
n−2
) 2
q
≤ C
(∫
A(R,2R′)
|V−|n2 ρ(r)
) 2
n (∫
M
χquqρ(r)−
2
n−2
) 2
q
+
C
R2
∫
A(R,2R)
u2 +
C
R′2
∫
A(R′,2R′)
u2.
By assumption, the integral
∫
M
|V−|n/2 ρ(r) is nite : we an make the quantity
∫
B(R)c
|V−|n/2 ρ(r)
as small as we like, by hoosing a large R, so that(∫
A(2R,R′)
uqρ(r)−
2
n−2
) 2
q
≤ C
R2
∫
A(R,2R)
u2 +
C
R′2
∫
A(R′,2R′)
u2.
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Letting R′ −→∞ we nd(∫
M\B(2R)
uqρ(r)−
2
n−2
) 2
q
≤ C
R2
∫
A(R,2R)
u2.
q.e.d.
Lemma 3.4 (Key to the self-improvement) We assume the potential V satises∫
M
|V−|n/2 ρ(r)dvol < +∞
and we onsider a loally Lipshitz setion σ of E belonging to Lm(E,µρ) for some m > q/2, suh
that
(σ,∆σ + V σ) ≤ 0.
Then for large R : ∫
M\B(2R)
|σ|m dµρ ≤ C
∫
A(R,2R)
|σ|m dµρ.
As a onsequene, ∫
M\B(R)
|σ|m dµρ = O(R−a),
for some a>0.
Remark 3.5 The proof will show that a an be hosen so that it depends ontinuously on m.
Proof :
Set m′ = 2m/q. The preeding proof says that for large R, with the same trunature funtion χ and
u := |σ|m′/2 : (∫
M
χquqρ(r)−
2
n−2
) 2
q
≤ C
∫
M
|dχ|2 u2.
we again use the Hölder inequality :(∫
A(2R,R′)
uqρ(r)−
2
n−2
) 2
q
≤ C
(∫
M
|dχ|n ρ(r)
) 2
n
(∫
supp dχ
uqρ(r)−
2
n−2
) 2
q
.
Now, ∫
A(R,2R)
|dχ|n ρ(r) ≤ CR−nρ(2R) volA(R, 2R) ≤ C
and also ∫
A(R′,2R′)
|dχ|n ρ(r) ≤ C,
so that (∫
A(2R,R′)
|σ|m ρ(r)− 2n−2
) 2
q
≤ C
(∫
A(R,2R)∪A(R′,2R′)
|σ|m ρ(r)− 2n−2
) 2
q
.
Letting R′ −→∞, we nd the rst part of the laim :∫
M\B(2R)
|σ|m ρ(r)− 2n−2 ≤ C
∫
A(R,2R)
|σ|m ρ(r)− 2n−2 .
Set I(R) =
∫
M\B(R)
|σ|m ρ(r)− 2n−2 . We proved that for large R,
I(2R) ≤ C(I(R)− I(2R)),
i.e.
I(2R) ≤ C
C + 1
I(R).
Fix a large R1 and denote by kR the integer suh that
log2R/R1 ≤ kR < log2 2R/R1.
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Iterating the inequality, we nd
I(R) ≤
(
C
C + 1
)kR
I(R/2kR) ≤
(
C
C + 1
)kR
‖σ‖mLm(E,µρ)
so
I(R) ≤ C
(
C
C + 1
)log2 R
= CRlog2(
C
C+1 ),
hene the seond statement, sine
C
C+1
< 1. q.e.d.
Lemma 3.6 (Nash-Moser iteration) We assume the potential V satises, for some x > n/2,
(∫
A(R,2R)
|V−|x ρ(r)
x−1
n/2−1 dvol
) 1
x−n/2
= O
(
ρ(R)
2
n−2R−2
)
and we onsider a loally Lipshitz setion σ in Lm(M,µρ) for some m > 1, suh that
(σ,∆σ + V σ) ≤ 0.
Then there is a onstant C suh that for large R,
sup
A(R,2R)
|σ| ≤ C
(
ρ(R)
2
n−2R−2
) n
2m
(∫
A(R/2,5R/2)
|σ|m dµρ
)1/m
.
Proof :
Fix β ≥ m. Again with the same tehnique, one sees that for χ ∈ C∞c (M),(∫
M
χq |σ| qβ2 ρ(r)− 2n−2
) 2
q
≤ Cβ
∫
M
χ2 |σ|β |V−|+ C
∫
M
|dχ|2 |σ|β . (20)
In this proof, C denotes a onstant whih does not depend on β.
The Hölder inequality implies that for real numbers t and s satisfying
1
x
+
1
s
+
1
t
= 1
and
q
2s
+
1
t
= 1, (21)
we have the estimate
β
∫
M
χ2 |σ|β |V−|
≤ β
(∫
suppχ
|V−|x ρ(r)
x−1
n/2−1
) 1
x
(∫
M
χq |σ| qβ2 ρ(r)− 2n−2
) 1
s
(∫
M
χ2 |σ|β ρ(r)− 2n−2
) 1
t
.
Note t = x
x−n/2
.
The Young inequality, with (21), yields for eah ǫ > 0 a onstant Cǫ suh that
β
∫
M
χ2 |σ|β |V−| ≤ ǫ
(∫
M
χq |σ| qβ2 ρ(r)− 2n−2
) 2
q
+ Cǫβ
t
(∫
suppχ
|V−|x ρ(r)
x−1
n/2−1
) t
x
(∫
M
χ2 |σ|β ρ(r)− 2n−2
)
.
Consequently, for small ǫ (regardless of β), we obtain in (20) :
(∫
M
χq |σ| qβ2 ρ(r)− 2n−2
) 2
q
≤ Cβt
(∫
suppχ
|V−|x ρ(r)
x−1
n/2−1
) t
x
(∫
M
χ2 |σ|β ρ(r)− 2n−2
)
+ C
∫
M
|dχ|2 |σ|β .
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Now we onsider trunature funtions χ whih, given large R1 < R2 < 5R1 and 0 < δ ≤ R1/2,
are equal to 1 on A(R1, R2), are equal to 0 outside A(R1− δ,R2+ δ) and suh that there dierential
is bounded by 2/δ. Note that our assumption, thanks to (18), implies
(∫
A(R1−δ,R2+δ)
|V−|x ρ(r)
x−1
n/2−1
) t
x
≤ Cρ(R1 − δ) 2n−2 (R1 − δ)−2
With this in mind, our estimate gives(∫
A(R1,R2)
|σ| qβ2 ρ(r)− 2n−2
) 2
q
≤ Cβt
(∫
A(R1−δ,R2+δ)
|V−|x ρ(r)
x−1
n/2−1
) t
x ∫
A(R1−δ,R2+δ)
|σ|β ρ(r)− 2n−2
+ Cρ(R2 + δ)
2
n−2 δ−2
∫
A(R1−δ,R2+δ)
|σ|β ρ(r)− 2n−2
≤ Cβt ρ(R1 − δ) 2n−2 (R1 − δ)−2
∫
A(R1−δ,R2+δ)
|σ|β ρ(r)− 2n−2
+ Cρ(R2 + δ)
2
n−2 δ−2
∫
A(R1−δ,R2+δ)
|σ|β ρ(r)− 2n−2
≤ Cβt ρ(R2) 2n−2 δ−2
∫
A(R1−δ,R2+δ)
|σ|β ρ(r)− 2n−2 ,
so that, with respet to the measure µρ,
‖σ‖Lβq/2(A(R1,R2)) ≤
(
Cβtρ(R2)
2
n−2 δ−2
)1/β
‖σ‖Lβ (A(R1−δ,R2+δ)) . (22)
Given some large R > 0, we set for every k ∈ N :
βk := m
( q
2
)k
, δk := 2
−k−1R,
R1,k := R −
k∑
i=1
δi, R2,k := 2R +
k∑
i=1
δi.
Iterating (22), we nd
‖σ‖Lβk (A(R,2R)) ≤ Ck ‖σ‖Lβ0 (A(R1,k,R2,k)) ,
where the onstant is estimated by
Ck ≤
k−1∏
i=0
(
Cβtiρ(R)
2
n−2R−24i
)1/βi
≤
(
Cρ(R)
2
n−2R−2
)∑k−1
i=0 1/βi (
4(q/2)t
)∑k−1
i=0 i/βi .
Sine
∑∞
i=0
1
βi
= n
2m
et
∑∞
i=0
i
βi
<∞, we nd :
lim
k−→∞
Ck ≤ C
(
ρ(R)
2
n−2R−2
) n
2m
,
so
sup
A(R,2R)
|σ| = lim
k−→∞
‖σ‖Lβk (A(R,2R)) ≤ C
(
ρ(R)
2
n−2R−2
) n
2m ‖σ‖Lm(A(R/2,5R/2)) .
q.e.d.
Now, we arry on our study of general Shrödinger operators. We wish to point out a Gagliardo-
Nirenberg type inequality, whih will prove useful later.
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3.3 The inversion of Shrödinger operators.
Our purpose is to solve (∆ + V )σ = τ , with a onvenient τ , and to obtain bounded solutions.
First, the weighted Sobolev inequality easily yields the
Lemma 3.7 For s ≥ 2n
n+2
, there exists a onstant C(n, s) suh that
∀ σ ∈ C∞c (E), ‖σ‖
L
ns
n−2s (E,µρ)
≤ C(n, s) ∥∥S∆σ∥∥
Ls(E,ρ(r)
s−1
n/2−1 vol)
.
Proof :
Set k = s
n−2s
n−2
2
≥ 1 and x σ ∈ C∞c (E). The weighted Sobolev inequality gives
1
S
‖σ‖2k
L
ns
n−2s (E,µρ)
≤
∫
M
∣∣∣d(|σ|k)∣∣∣2 = ∫
M
|σ|k∆(|σ|k) ≤ k
∫
M
|σ|2k−1∆ |σ| ,
the Kato inequality then implies
1
S
‖σ‖2k
L
ns
n−2s (E,µρ)
≤ k
∫
M
|σ|2k−1 ∣∣∆σ∣∣ = k ∫
M
|σ|n(s−1)n−2s ∣∣∆σ∣∣
and the Hölder inequality yields
1
S
‖σ‖2k
L
ns
n−2s (E,µρ)
≤ k
(∫
M
∣∣∆σ∣∣s ρ(r) s−1n/2−1 dvol)1/s (∫
M
|σ| nsn−2s dµρ
)1−1/s
so that eventually
1
S
‖σ‖
L
ns
n−2s (E,µρ)
≤ k
(∫
M
∣∣∆σ∣∣s ρ(r) s−1n/2−1 dvol)1/s ,
whih is indeed the laim. q.e.d.
Now a Nash-Moser iteration yields a L∞ estimate.
Lemma 3.8 For every x > n/2 and t ≥ 1, there exists a onstant C(n, x, t) suh that
∀σ ∈ C∞c (E), ‖σ‖
xn
2x−n
+t
L∞(E) ≤ C(n, x, t)
∥∥S∆σ∥∥ xn2x−n
Lx(E,ρ(r)
x−1
n/2−1 vol)
‖σ‖tLt(E,µρ) .
Proof :
As above, for every σ in C∞c (E) and every k ≥ 1 :(∫
M
|σ|kq dµρ
)2/q
≤ kS
∫
M
|σ|2k−1 ∣∣∆σ∣∣ dvol.
Using the Hölder inequality, we dedue:(∫
M
|σ|kq dµρ
)2/q
≤ kS
(∫
M
∣∣∆σ∣∣x ρ(r) x−1n/2−1 dvol)1/x (∫
M
|σ| (2k−1)xx−1 dµρ
)1−1/x
.
Dene the sequene (βi) suh that β0 = t and
βi+1 =
q
2
(
x− 1
x
βi + 1
)
.
We obtain for every i ∈ N :
‖σ‖βi+1
L
βi+1 (E,µρ)
≤ (q−1βi+1SNx) q2 (‖σ‖βi
Lβi (E,µρ)
)ζ
,
where
Nx =
(∫
M
∣∣∆σ∣∣x ρ(r) x−1n/2−1 dvol)1/x
and
ζ =
q(x− 1)
2x
> 1.
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Iterating this, we see that for every i ∈ N,
‖σ‖βi
Lβi (E,µρ)
≤ (q−1SNx) q2 ∑ i−1j=0 ζj
(
i∏
j=1
βζ
i−j
j
)q/2 (
‖σ‖β0
Lβ0 (E,µρ)
)ζi
.
Thus
‖σ‖Lβi (E,µρ) ≤
(
q−1SNx
) q
2βi
ζi−1
ζ−1
(
i∏
j=1
βζ
−j
j
) qζi
2βi (
‖σ‖β0
Lβ0 (E,µρ)
) ζi
βi .
Using
βi = ζ
i
(
β0 +
q
2(ζ − 1)
)
− q
2(ζ − 1) ,
we see that (
ζi
βi
)
−→ 1
β0 +
q
2(ζ−1)
.
Writing
log
(
i∏
j=1
βζ
−j
j
)
=
i∑
j=1
jζ−j log ζ +
i∑
j=1
ζ−j log
βj
ζj
,
we see that this expression has a limit when i −→∞. So
‖σ‖L∞(E,µρ) ≤
(
q−1SNx
) q2(ζ−1)β0+ q2(ζ−1) ( ∞∏
j=1
βζ
−j
j
) q2
β0+
q
2(ζ−1) ‖σ‖
β0
β0+
q
2(ζ−1)
Lβ0 (E,µρ)
.
As
q
2(ζ−1)
= xn
2x−n
and β0 = t, this is what we laimed. q.e.d.
These fats lead to the
Theorem 3.9 (Inversion of the Bohner laplaian) Choose an element s in [ 2n
n+2
, n
2
[ and a
number x > n
2
. Let Ω be an open set with smooth boundary. Then we an dene a ontinuous
operator
∆
−1
: Ls(EΩ, ρ(r)
s−1
n/2−1 vol) ∩ Lx(EΩ, ρ(r)
x−1
n/2−1 vol) −→ L∞(EΩ)
whih is an inverse for the Bohner laplaian over Ω, with Dirihlet boundary ondition. More
preisely, for σ ∈ C∞c (EΩ), we have the estimate
‖σ‖
s
n−2s
+ x
2x−n
L∞(EΩ)
≤ C(n, s, x) ∥∥S∆σ∥∥ sn−2s
Ls(EΩ,ρ(r)
s−1
n/2−1 vol)
∥∥S∆σ∥∥ x2x−n
Lx(EΩ,ρ(r)
x−1
n/2−1 vol)
.
Proof :
The estimate is simply obtained by ombining (3.7) and (3.8). Given ψ in C∞c (EΩ), the lassial L
2
theory yields a smooth solution σR to the equation ∆σR = ψ on Ω∩B(R), with Dirihlet boundary
ondition. We extend it into a ontinuous funtion on Ω by deiding it is zero outside B(R). The
L∞-estimate (whih is easily seen to hold for σR, by looking at the proofs above) gives
‖σR‖L∞(EΩ) ≤ C(n, s, x) ‖Sψ‖
s
n−2s
Ls(EΩ,ρ(r)
s−1
n/2−1 vol)
‖Sψ‖
x
2x−n
Lx(EΩ,ρ(r)
x−1
n/2−1 vol)
.
For every ompat set K, there is an RK suh that the family (σR|K , R ≥ RK) is uniformly bounded
in C∞(EK) (by ellipti regularity), so that Asoli yields a sequene onverging in C
∞(EK). By a
diagonal extration, we nd a sequene (σRi) whih onverges to σ in C
0
c (EΩ). σ is easily seen to be
a weak solution of ∆σ = ψ, it is therefore smooth and thus a strong solution. For every ompat set
K,
‖σ‖L∞(EK) = limi−→∞ ‖σRi‖L∞(EK)
≤ C(n, s, x) ‖Sψ‖
s
n−2s
Ls(EΩ,ρ(r)
s−1
n/2−1 vol)
‖Sψ‖
x
2x−n
Lx(EΩ,ρ(r)
x−1
n/2−1 vol)
,
hene a L∞-estimate on Ω. We an thus dene an operator ∆
−1
on C∞c (EΩ) whih is ontinuous for
the expeted norms. We then extend it by ontinuity. q.e.d.
By a perturbation tehnique, we dedue an analogous result for Shrödinger operators.
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Theorem 3.10 (Inversion of Shrödinger operators) Set
2n
n+2
≤ s < n
2
and x > n
2
. Then
there exists a positive number η(n, s, x, S) suh that, given an open set with smooth boundary Ω and
a potential V satisfying
Smax(‖V−‖
Ls(Ω,ρ(r)
s−1
n/2−1 vol)
, ‖V−‖
Lx(Ω,ρ(r)
x−1
n/2−1 vol)
) < η(n, s, x),
there is a ontinuous operator
(∆ + V )−1 : Ls(EΩ, ρ(r)
s−1
n/2−1 vol) ∩ Lx(EΩ, ρ(r)
x−1
n/2−1 vol) −→ L∞(EΩ).
Proof :
First, the previous analysis works for H := ∆ + V+ as well as for ∆. Then dene η(n, s, x) to be S
divided by the norm of
H−1 : Ls(EΩ, ρ(r)
s−1
n/2−1 vol) ∩ Lx(EΩ, ρ(r)
x−1
n/2−1 vol) −→ L∞(EΩ),
so that, under our assumption,
V− : L
∞(EΩ) −→ Ls(EΩ, ρ(r)
s−1
n/2−1 vol) ∩ Lx(EΩ, ρ(r)
x−1
n/2−1 vol),
is a ontinuous operator whose norm is stritly inferior to η(n, s, x)/S and H−1V− is a ontinuous
endomorphism of L∞(EΩ), with norm stritly inferior to 1. The operator Id+H
−1V− is then an
automorphism of L∞(EΩ). So we an dene the ontinuous operator (Id+H
−1V−)
−1H−1 = (∆ +
V )−1, from Ls(EΩ, ρ(r)
s−1
n/2−1 vol) ∩ Lx(EΩ, ρ(r)
x−1
n/2−1 vol) to L∞(EΩ). q.e.d.
4 Appliations.
4.1 L
2
-ohomology.
Our study of Shrödinger operators gives geometri information as soon as the potential depends
only on the urvature tensor. For instane, if the weighted Sobolev inequality is true, the vanishing
theorem (3.1) fores the kernel of suh "geometri operators" to be trivial, under integral assumptions
on the urvature. We disuss here the ase of the Hodge laplaian ∆ = dd∗ + d∗d. It is well known
that this operator, when ating on k-forms, admits the Weitzenbök deomposition
∆k = ∆+Rk,
where Rk is a eld of symmetri endomorphisms of the vetor bundle of k-exterior forms, depending
only on the urvature. In partiular, R1 = Ric. Our results apply and we an obtain information
on the (redued) L2-ohomology HL2(M). We refer to [Car1℄ for the denitions. The point is that
HkL2(M) an be identied with the kernel of ∆k, seen as an unbounded operator on L2 k-forms.
We an indeed generalize G. Carron's results in [Car1℄. Before stating our theorem, we need to
introdue the following dereasing funtion, derived from the Euler Γ funtion (q = 2n/(n − 2)):
ιq : x 7→ 2
x
(
Γ
(
x+q
2
)
Γ
(
x
2
) )2/q .
Theorem 4.1 (L2-ohomology) Let Mn, n ≥ 3, be a onneted omplete riemannian manifold
with nonnegative Rii urvature. Assume that there exists o ∈M , ν > 2 and Co > 0 suh that
∀R2 ≥ R1 > 0, V (o,R2)
V (o,R1)
≥ Co
(
R2
R1
)ν
.
Then H1L2(M) = {0}. Let k ≥ 2 be an integer.
• If ∥∥Rk−∥∥Ln/2(ρo(ro)vol) <∞, then dimHkL2(M) <∞.
• If So(M)
∥∥Rk−∥∥Ln/2(ρo(ro)vol) < 1, then HkL2(M) = {0}.
• If, for some integer N0 ≥
(
n
k
)
, So(M)
∥∥Rk−∥∥Ln/2(ρo(ro)vol) ≤ ιq(k)ιq(N0) , then dimHkL2(M) ≤ N0.
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• Given 2n
n+2
≤ s < n/2 < x, there exists a onstant C = C(n, s, x) suh that the dimension of
HkL2(M) is bounded by(
n
k
)
max
(
1, C
∥∥∥So(M)Rk−∥∥∥x
Lx(E,ρo(ro)
x−1
n/2−1 vol)
∥∥∥So(M)Rk−∥∥∥ s(2x−n)n−2s
Ls(E,ρo(ro)
s−1
n/2−1 vol)
)
.
Corollary 4.2 Let Mn, n ≥ 3, be a onneted omplete riemannian manifold with nonnegative Rii
urvature. Assume that there exists o ∈M , ν > 2 and Co > 0 suh that
∀R2 ≥ R1 > 0, V (o, R2)
V (o, R1)
≥ Co
(
R2
R1
)ν
and the Riemann urvature tensor satises(∫
M
|R|n2 ρo(ro)dvol
) 2
n
<∞.
Then the L2-ohomology of M is nite dimensional.
We omit the proof, whih onsists in using the weighted Sobolev inequality (2.16), in order to
make the tehniques of [Car1℄ work. The vanishing results stem from 3.1, of ourse.
4.2 Rii at manifolds.
4.2.1 Flatness riterions.
We want to explain here why the weighted Sobolev and Hardy inequalities help understanding Rii
at manifolds. In partiular, they emphasize some rigidity properties of these manifolds, under
volume growth assumptions. We will show that if their urvature is small, in some integral sense,
then they are atually at.
The key tool is a property of the Weyl tensor W of a Rii-at manifold with dimension n ≥ 4 :
it obeys the nonlinear equation
∆W = W ∗W,
where the right-hand side is a quadrati expression in the Weyl urvature [Bes℄. In partiular, W is
either identially zero, or vanishes only on a set of zero measure. So, outside a set of zero measure,
|W | is smooth and satises the estimate
|∆ |W || ≤ c(n) |W |2 ,
where c(n) is a universal onstant, depending only on the dimension n.
For every k ≥ 1,
∆ |W |k = k |W |k−1∆ |W | − k(k − 1) |W |k−2 |d |W ||2 ≤ kc(n) |W |k+1 .
It turns out that this inequality is still true for some k < 1. This is made possible by the rened Kato
inequality ([BKN℄, [CGH℄), whih says that the Weyl tensor W of a Rii-at n-manifold satises
almost everywhere
|d |W ||2 ≤ n− 1
n+ 1
|∇W |2 .
>From this, one an dedue that almost everywhere,
∆ |W |γ ≤ c(n)γ |W |1+γ ,
with
γ :=
n− 3
n− 1 .
Indeed, note
n−1
n+1
= 1
2−γ
and write
∆ |W |γ = γ |W |γ−1∆ |W |+ γ(1− γ) |W |γ−2 |d |W ||2
= γ |W |γ−2
(
1
2
∆ |W |2 + |d |W ||2
)
+ γ(1− γ) |W |γ−2 |d |W ||2
= γ |W |γ−2 ((W,∆W )− |∇W |2)+ γ(2− γ) |W |γ−2 |d |W ||2
≤ c(n)γ |W |γ+1 − γ |W |γ−2 |∇W |2 + γ |W |γ−2 |∇W |2
= c(n)γ |W |γ+1 .
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Now, given k ≥ γ, we an write k = γl, l ≥ 1 and then
∆ |W |k = ∆(|W |γ)l
= l(|W |γ)l−1∆(|W |γ)− l(l − 1)(|W |γ)l−2 |d(|W |γ)|2
≤ l(|W |γ)l−1c(n)γ |W |γ+1
= kc(n) |W |k+1 .
Thus
∆ |W |k ≤ c(n)k |W |1+k , (23)
is true for any k ≥ γ.
With this dierential inequality in hand, we an prove atness and urvature deay results. To
express them, we need the
Denition 4.3 The "Sobolev-urvature" invariant of a onneted omplete manifold Mn is dened
by
SC(M) := inf
o∈M
[
So(M)
(∫
M
|R|n2 ρo(ro)dvol
) 2
n
]
,
where R is the Riemann urvature tensor. We also dene a "Hardy-urvature" invariant :
HC(M) := inf
o∈M
[
Ho(M)
2 sup
M
(|R| r2o)
]
,
We use the onvention 0.∞ =∞.
Now, let us phrase one of our main results.
Theorem 4.4 (Flatness riterion (1)) We onsider a onneted omplete Rii-at manifoldMn,
with n ≥ 4. Assume SC(M) < 4
nc(n)
. Then M is at.
Proof :
It is a onsequene of the vanishing theorem 3.1, applied to the operator ∆−c(n) |W | and the setion
|W |, thanks to our weighted Sobolev inequality. Setting m = n
2
in (3.1), we obtain W = 0, and as
Ric = 0, M is at. q.e.d.
Remark 4.5 The "threshold" value
4
nc(n)
an denitely be improved : in general, it an be replaed
by
4
max(n−2,4γ)c(n)
; and if M satises (3), it an even be replaed to 4
max(ν−2,4γ)c(n)
. The idea is to
use the Hölder inequality and an upper bound on the volume growth, so as to estimate the suitable
integral.
Corollary 4.6 Let Mn, n ≥ 4, be a onneted omplete Rii-at manifold. Assume there exists o
in M , ν > 2 and Co > 0 suh that
∀R2 ≥ R1 > 0, V (o,R2)
V (o,R1)
≥ Co
(
R2
R1
)ν
.
Then there is a onstant ǫ(n, Co, ν) suh that M is at as soon as∫
M
|W |n2 ρo(ro)dvol < ǫ(n, Co, ν).
There is also a atness riterion based on the Hardy inequality (2.22).
Theorem 4.7 (Flatness riterion (2)) We onsider a onneted omplete Rii-at manifoldMn,
with n ≥ 4. There is a onstant ǫ(n) suh that if
HC(M) < ǫ(n),
then M is at.
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Proof :
Choose o in M suh that Ho(M)
2 supM (|W | r2o) < ǫ(n) (ǫ(n) will be determined at the end of the
proof) and set H = Ho(M), K = supM (|W | r2o). We onsider, for large R, a smooth funtion χ
whih is equal to 1 on B(R), equal to 0 on M\B(2R), has values in [0, 1] and satises |∇χ| ≤ 2
R
.
We also work with a number k ≥ 5/4, whih will be xed later. The Hardy inequality says that∫
M
χ2 |W |2k r−1 ≤ H
∫
M
∣∣∣d(χ2 |W |2k)∣∣∣ .
The right hand side an be bounded via triangle and Cauhy-Shwarz inequalities :∫
M
∣∣∣d(χ2 |W |2k)∣∣∣ ≤ 2 ∫
M
χ |dχ| |W |2k + 2
(∫
M
χ2 |W |2k r−1
)1/2 (∫
M
χ2
∣∣∣d(|W |k)∣∣∣2 r)1/2 .
Set k′ := k − 1/4. So as to perform integration by parts, we kill the r in the lattest integral :∫
M
χ2
∣∣∣d(|W |k)∣∣∣2 r = (k/k′)2 ∫
M
χ2
∣∣∣d(|W |k′)∣∣∣2 |W |1/2 r ≤ (k/k′)2K1/2 ∫
M
χ2
∣∣∣d(|W |k′)∣∣∣2 .
Integration by parts and (23) yield :(∫
M
∣∣∣χd(|W |k′)∣∣∣2)1/2 = (∫
M
∣∣∣d(χ |W |k′)− |W |k′ dχ∣∣∣2)1/2
≤
(∫
M
|W |2k′ |dχ|2
)1/2
+
(∫
M
∣∣∣d(χ |W |k′)∣∣∣2)1/2
≤ 2
(∫
M
|W |2k′ |dχ|2
)1/2
+
(∫
M
χ2 |W |k′ ∆ |W |k′
)1/2
≤ 2
(∫
M
|W |2k′ |dχ|2
)1/2
+ k′1/2c(n)1/2
(∫
M
χ2 |W |2k′+1
)1/2
≤ 2
(∫
M
|W |2k−1/2 |dχ|2
)1/2
+ ((k − 1/4)c(n))1/2K1/4
(∫
M
χ2 |W |2k r−1
)1/2
.
Thus∫
M
χ2 |W |2k r−1 ≤ 2H
∫
M
χ |dχ| |W |2k
+ 16HK1/4k/(4k − 1)
(∫
M
χ2 |W |2k r−1
)1/2 (∫
M
|W |2k−1/2 |dχ|2
)1/2
+ 4H(c(n)K)1/2k/(4k − 1)1/2
∫
M
χ2 |W |2k r−1.
We want to ensure 4H(c(n)K)1/2k/(4k − 1)1/2 is stritly less than 1. Indeed, this is equivalent to
16H2Kc(n)k2 − 4k + 1 < 0 ; this trinomial has two positive roots for H2K (and thus ǫ(n)) small
enough, and we an hoose k to be half the sum of theses roots : k := (8H2Kc(n))−1. Then we
obtain
(1− 4H(c(n)K)1/2k/(4k − 1)1/2)
∫
B(R)
|W |2k r−1
≤ 4HR−1
∫
M
|W |2k + 32HK1/4k/(4k − 1)R−1
(∫
M
|W |2k r−1
)1/2 (∫
M
|W |2k−1/2
)1/2
.
If we hoose ǫ(n) small enough (so that k is big enough), the integrals on the right hand side are
nite (reall W has quadrati deay and the volume growth is at most eulidian) ; one an eventually
take ǫ(n) = 1
2(n+1)c(n)
. Letting R −→ ∞, we nd W = 0, and with Ric = 0, M is at. q.e.d.
Corollary 4.8 Let Mn, n ≥ 4, be a onneted omplete Rii-at manifold. Assume there exists o
in M , ν > 1 and Co > 0 suh that
∀R2 ≥ R1 > 0, V (o,R2)
V (o,R1)
≥ Co
(
R2
R1
)ν
.
Then there is a onstant ǫ(n, Co, ν) suh that M is at as soon as
sup
M
(|W | r2o) < ǫ(n,Co, ν).
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4.2.2 Curvature deay.
In the preeding paragraph, we have seen that when SC(M) is small, the urvature vanishes. Now
using the deay lemmas of 3.2, we an show that if SC(M) is only nite, then the urvature deays
at innity.
We rst prove the
Proposition 4.9 We onsider a onneted omplete Rii-at manifoldMn, n ≥ 4 suh that SC(M)
is nite. Then for any point o in M ,
sup
S(o,R)
|W | = o(R−2).
Before proving this, let us state a onsequene of our work.
Corollary 4.10 We onsider a onneted omplete Rii-at manifold Mn with n ≥ 4. Assume
there exists o in M , ν > 2 and Co > 0 suh that
∀R2 ≥ R1 > 0, V (o, R2)
V (o, R1)
≥ Co
(
R2
R1
)ν
and the urvature satises ∫
M
|W |n2 ρo(ro)dvol < +∞.
Then
sup
S(o,R)
|W | = o(R−2).
Remark 4.11 This should be ompared with the result of [CT℄ : supS(o,R) |W | = O(R−2) as soon
as n = 4, Ric = 0 and W ∈ L2.
Remark 4.12 If we assume W behaves like r−σ, the assumption∫
M
|W |n2 ρo(ro)dvol < +∞
is equivalent to σ > 2 : the above result therefore turns an integral estimate into the pointwise
estimate we an hope. The next theorem will point out an automati improvement of the deay ; it
is another rigidity phenomenon.
Proof :
As (∆− c(n) |W |) |W | ≤ 0, we want to apply the lemma 3.6 with the operator ∆− c(n) |W |. To do
this, we set x = nq/4, so that in partiular x− n/2 = n
n−2
and use lemma 3.3 with m = n/2, whih
implies that for large R : (∫
A(R,2R)
|W |x ρ(r) x−1n/2−1 dvol
) 1
x−n/2
≤ C
(
ρ(R)
2x
n−2
∫
A(R,2R)
|W |nq/4 dµρ
) 1
x−n/2
= Cρ(R)
n
n−2
(∫
A(R,2R)
|W |nq/4 dµρ
)n−2
n
≤ Cρ(R) nn−2R−2
∫
A(R/2,R)
|W |n/2 dvol
≤ Cρ(R) 2n−2R−2
∫
A(R/2,R)
|W |n/2 ρ(r)dvol
≤ Cρ(R) 2n−2R−2.
We an use lemma 3.6 with m = n/2 :
sup
S(R)
|W |n/2 ≤ C
(
ρ(R)
2
n−2R−2
)n/2 ∫
A(R/2,5R/2)
|W |n/2 dµρ
≤ CR−n
∫
A(R/2,5R/2)
|W |n/2 ρ(r)dvol.
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Hene W = o(r−2) (sine the right-hand side integral tends to zero). q.e.d.
In general, suh a quadrati urvature deay is not so meaningful : atually, any smooth onneted
nonompat manifold admits a metri with quadrati urvature deay [Gro℄. Note however that
a riemannian manifold with nonnegative Rii urvature, maximal volume growth (ν = n) and
quadrati urvature deay has nite topologial type [SS℄. In ase the volume growth is not maximal,
suh a strong topologial onsequene is not known.
We would like to point out a onsequene of the quadrati urvature deay. Applying one of the
results of [LS℄, it yields the
Corollary 4.13 Let Mn, n ≥ 4, be a onneted omplete Rii-at manifold. Assume there exists o
in M , ν > 2 and Co > 0 suh that
∀R2 ≥ R1 > 0, V (o,R2)
V (o,R1)
≥ Co
(
R2
R1
)ν
,
V (o,R) = o(Rn)
and the urvature satises ∫
M
|W |n2 ρo(ro)dvol < +∞.
Then the integral of the Chern-Gauss-Bonnet form is an integer.
Remark 4.14 If n = 4, this means
1
8π2
∫
M
|W |2 dvol ∈ Z.
In partiular, if
∫
M
|W |2 dvol < 8π2, M is at.
Now, it is well known that manifolds with faster than quadrati urvature deay enjoy nie
properties [Abr℄. This motivates our quest for a better estimate on the urvature. The key is the
rened Kato inequality.
Theorem 4.15 (Curvature deay (1)) We onsider a onneted omplete Rii-at manifoldMn,
n ≥ 4, suh that SC(M) is nite. Fix a point o in M and assume there exists ν > 2 and Ao > 0
suh that
∀R ≥ 1, V (o, R) ≥ AoRν .
Then
sup
S(o,R)
|W | = O(R−b)
for b = 2 and every b < ν−2
γ
= (ν−2)(n−1)
n−3
.
Proof :
Set w = |W |γ and b0 = sup
{
b > 0 /w = O
([
r2/V (r)
]b)}
.We know, from the previous proposition,
that w = O(r−2γ) ; sine V (r) ≤ ωnrn (Bishop), this implies w = O(V (r)−2γ/n) = O([r2/V (r)]2γ/n),
so that b0 is a positive number. Suppose b0 < 1. We an hoose b1 > 0, m > 0 suh that
m >
n
b1(n− 2) >
n
b0(n− 2) >
n
n− 2 .
Sine b1 < b0, w = O
([
r2/V (r)
]b1)
, so that for any R > 0,∫
A(R,2R)
|w|m dµρ ≤ C
[
R2/V (R)
]mb1 ρ(R)− 2n−2 V (R)
= C
[
R2/V (R)
]mb1− nn−2
≤ CR−(ν−2)(mb1− nn−2 ).
This implies ∫
M
|w|m dµρ < +∞.
Reall that almost everywhere
(∆− γc(n) |W |)w ≤ 0.
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We intend to apply lemma 3.4 to the funtion w, whih is unfortunately not loally Lipshitz. To
overome this, one again, we onsider uǫ :=
√
|W |2 + ǫ, ǫ > 0. Diret omputation yields almost
everywhere
uγǫ∆u
γ
ǫ = γu
2γ−2
ǫ
(|W |∆ |W | − ǫu−2ǫ |d |W ||2) + γ(1− γ)u2γ−4ǫ |W |2 |d |W ||2
≤ γu2γ−2ǫ
(|W |∆ |W |+ (1− γ) |d |W ||2)
and, using the rened Kato inequality as in the proof of (23), we nd (everywhere)
uγǫ∆u
γ
ǫ ≤ γu2γǫ (W,∆W ).
As in the proof of (3.1), by making ǫ go to zero, we are able to obtain the rst inequality in the proof
of lemma 3.4 (m > n
n−2
). Eventually,∫
M\B(R)
|w|m dµρ = O(R−a),
for some a > 0 whih is independent of the hoie of m in a neighbourhood of n
b0(n−2)
. Now, applying
the lemma 3.6 (again, one must adapt the proof beause w is not loally Lipshitz), with this m, we
nd for large R :
sup
S(R)
w ≤ C
(
ρ(R)
2
n−2R−2
) n
2m
R−a/m
= C
[
R2/V (R)
] n
m(n−2) R−a/m
≤ C [R2/V (R)] nm(n−2)+ anm ,
where we again used the eulidian upper bound on the volume growth of balls. When m goes to
n
b0(n−2)
, the exponent tends to bo +
bo(n−2)a
n2
: if we hoose m suiently lose to n
b0(n−2)
, we obtain
a ontradition to the denition of bo. So bo ≥ 1 and, with the lower bound on the volume growth,
we are done. q.e.d.
Corollary 4.16 We onsider a onneted omplete Rii-at manifold Mn with n ≥ 4. Assume
there exists o in M , ν > 2 and Co > 0 suh that
∀R2 ≥ R1 > 0, V (o, R2)
V (o, R1)
≥ Co
(
R2
R1
)ν
and the urvature satises ∫
M
|W |n2 ρo(ro)dvol < +∞.
Then
sup
S(o,R)
|W | = O(R−b)
for b = 2 and every b < ν−2
γ
= (ν−2)(n−1)
n−3
.
Let us point out the topologial onsequene we were expeting.
Corollary 4.17 (Finite topology) A onneted omplete Rii-at manifoldMn, n ≥ 4, for whih
there exists a point o, ν > 4n−2
n−1
and Co > 0 suh that
∀R2 ≥ R1 > 0, V (o, R2)
V (o, R1)
≥ Co
(
R2
R1
)ν
and whose urvature satises ∫
M
|W |n2 ρo(ro)dvol < +∞.
is homeomorphi to the interior of a ompat manifold with boundary. More preisely, there is a
onneted open subset U of M whih has ompat losure, smooth boundary and suh that M\U is
a onneted manifold with boundary whih is dieomorphi to N × R+ for some losed onneted
n − 1-manifold N . Furthermore, if V (o,R) ≍ Rν with 4n−2
n−1
< ν < n, we know that N either has
trivial tangent bundle or innite fundamental group ; in ase 2 3n−7
n−1
< ν < n (faster than quarti
urvature deay and stritly subeulidian volume growth), N always has innite fundamental group.
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Proof :
The theorem implies M has faster than quadrati urvature deay so that [Abr℄,[GPZ℄ apply. q.e.d.
One an wonder whether the limiting deay exponent is indeed attained. Atually, this is the
ase.
Theorem 4.18 (Curvature deay (2)) We onsider a onneted omplete Rii-at manifoldMn,
n ≥ 4, suh that SC(M) is nite. Fix a point o in M and assume there exists ν > 4n−2
n−1
and Ao > 0
suh that
∀R ≥ 1, V (o, R) ≥ AoRν .
Then
sup
S(o,R)
|W | = O
(
r−
(ν−2)(n−1)
n−3
)
.
Proof :
In [Gur℄, Gursky introdued the following operator :
Lg := ∆g +
n− 2
4(n− 1)Scalg − γc(n) |W |g .
It turns out that this operator is onformally invariant in the following sense : if φ is a smooth
positive funtion,
L
φ
4
n−2 g
= φ−
n+2
n−2Lg(φ.). (24)
We intend to use this property to nd in the onformal lass of g a new metri g˜ suh that outside
a ompat set
Lg˜ = ∆g˜,
i.e.
n− 2
4(n− 1)Scalg˜ − γc(n) |W |g˜ = 0.
We seek g˜ in the form of g˜ = (1+u)
4
n−2 g, where g is our Rii-at metri and u is a smooth funtion
to determine. Applying (24) to the onstant funtion 1, we nd
Lg˜(1) = L
(1+u)
4
n−2 g
(1) = (1 + u)−
n+2
n−2Lg(1 + u),
so that, sine Scalg = 0,
n− 2
4(n− 1)Scalg˜ − γc(n) |W |g˜ = (1 + u)
− n+2
n−2 (∆gu− γc(n) |W |g)(1 + u).
We thus have to solve
∆gu− γc(n) |W |g u = γc(n) |W |g . (25)
Let us solve it on M\Bg(o,R), with large R (let us assume Sg(o,R) is smooth, this not a problem).
We would like to use the inversion theorem 3.10 with ∆g − γc(n) |W |g. The assumption ν > 4n−2n−1
ensures
ν−2
γ
> 2 : theorem 4.15 says that |W | = O(r−b) for some b > 2. In partiular, using Bishop's
upper bound on the volume growth, one sees that for small δ > 0,∫
M
|W |n/2−δ ρ(r)
n/2−δ−1
n/2−1 dvol <∞.
Choosing R suiently large, we ensure
So(M)
∫
M\Bg(o,R)
|W |n/2±δ ρ(r)
n/2±δ−1
n/2−1 dvol < η(n/2, n/2− δ, n/2 + δ).
So 3.10 yields a bounded solution u of (25) on M\Bg(o,R), and by enlarging R if neessary, we
an assume ‖u‖L∞ < 1. Extending u to the whole M in a onvenient way, we obtain a metri g˜
whih is onformally quasi-isometri to g and suh that its Gursky operator and its laplaian oinide
outside some ball. Note that the Hölder ellipti regularity implies u is C2 (sine the oeients of
the equation are Lipshitz) and this is what we need.
Next we observe that, as soon as |Wg|g is positive, |Wg|γg is smooth and
Lg |Wg|γg = ∆g |Wg|γg − γc(n) |W |g |Wg|γg ≤ 0,
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so, with (24),
Lg˜((1 + u)
−1 |Wg|γg ) ≤ 0,
whih means
∆g˜((1 + u)
−1 |Wg|γg ) ≤ 0,
outside a ompat set.
Now, sine (M, g˜) is quasi-isometri to (M, g), it satises the doubling volume property as well as
the saled Poinaré inequality. These properties are equivalent to the following two-sided gaussian
estimate on the heat kernel p.(., .) : for every x, y in M , for every t > 0,
c
V (x,
√
t)
exp
(
−Cd(x, y)
2
t
)
≤ pt(x, y) ≤ C
V (x,
√
t)
exp
(
− cd(x, y)
2
t
)
(see [SC2℄, [Grig℄). As for large R, Vg˜(o,R) ≥ A˜oRν , ν > 2, this in turn implies the existene of a
positive Green funtion G(., .), whih is simply
∫∞
0
pt(., .)dt) [LY℄. Using this formula and the upper
bound on the heat kernel, we see that :
G(o, x) = O(ro(x)
2−ν)
when ro(x) goes to innity. The maximum priniple implies that for every point x ∈M\Bg(o,R),
(1 + u)−1 |Wg|γg (x) ≤
maxS(o,R)(1 + u)
−1 |Wg|γg
minS(o,R)G(o, .)
G(o, x).
We dedue
W = O(r
2−ν
γ ).
q.e.d.
Corollary 4.19 We onsider a onneted omplete Rii-at manifold Mn, with n ≥ 4. Assume
there exists o ∈M , ν > 4n−2
n−1
and Co > 0 suh that
∀R2 ≥ R1 > 0, V (o, R2)
V (o, R1)
≥ Co
(
R2
R1
)ν
and the urvature satises ∫
M
|W |n2 ρo(ro)dvol < +∞.
Then
sup
S(o,R)
|W | = O(r− (ν−2)(n−1)n−3 ).
Remark 4.20 When ν = n = 4, we obtain the same deay as [BKN℄.
Example 4.21 The Taub-NUT metri is a riemannian metri on R
4
introdued by Stephen Hawking
in [Haw℄ (see [Leb℄ for a mathematial point of view). This is a Hyperkähler hene Rii-at metri
with urvature deaying like r−3 and volume growth like r3. In this example, our theorem predits
the exat deay of the urvature.
Example 4.22 Let us give another example, inspired from the famous Shwarzshild metri. We
onsider R
2 × Sn−2, n ≥ 4, endowed with the metri
g = dr2 + F (r)2dt2 +G(r)2dσ2.
r, t are polar oordinates on the R2 fator, dσ2 is the standard metri on Sn−2, F and G are smooth
funtions. Using the symmetries of this metri (see [Bes℄, [Pet℄), it is easy to obtain formulas for the
urvature. And one sees that g has vanishing Rii tensor if and only if for some positive parameter
γ, G satises 

G′(r) =
√
1− ( γ
G
)n−3
G(0) = γ
G′(0) = 0
and
F (r) =
2γ
n− 3
√
1−
( γ
G
)n−3
.
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G inreases from γ to ∞ and G ∼ r at innity ; F inreases from 0 to 2γ
n−3
and F ∼ r near 0. In
partiular, g is C0-lose to the at metri on Rn−1×S1 at innity (the radius of the irles at innity
are proportionnal to γ) and the distane to a xed point in this manifold behaves like the oordinate
r at innity. Eventually, this provides on R2 × Sn−2, n ≥ 4, a omplete riemannian metri whih
is Rii at, has volume growing like rn−1 and urvature dereasing like r−(n−1). This is what our
theorem predited.
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